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We contribute to the source description of gravitation due to Schwinger by developing
the necessary gravitational modifications of the couplings of various Boson fields to
their sources and by providing a numerical supplement to his qualitative discussion of
two-particle exchange.

I. INTRODUCTION

In a recent paper [I] Schwinger has formulated a source description of
gravitation; in this paper we discuss two aspects of this description. The first
aspect is the construction of the interaction skeleton. In particular, we discuss
the source terms which provide the gravitational modifications of the couplings
of the boson fields to their sources. The second aspect is the calculation of the
two-particle exchanges implied by the first primitive interactions, Schwinger [1], [2]
has discussed the principles involved and we merely provide the numerical details.

In Section IT we describe the noninteracting behaviour of the bosons that we
study in this paper; they are spinless particles with mass, photons, and gravitons.
The first primitive interaction between the spinless particles and gravitons is
introduced in Section IIT by coupling the gravitational field to the stress tensor
of the particle. In this weak field situation we introduce the accompanying gravita-
tional modification of the coupling of this matter field to its source; this source
term guarantees that the primitive interaction is invariant under gravitational
gauge transformations. In addition, this Section contains the calculation of some
emission amplitudes using various forms of the primitive interaction. Section IV
contains the corresponding results for the first primitive photon-graviton
interaction.

The extension from the primitive interaction to the interaction skeleton which
includes the graviton-graviton interaction is made in Section V through the
principle of general coordinate invariance. It is here that the general problem

* Based on the author’s doctoral dissertation at Harvard University.
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of finding the gravitational modifications or source terms is discussed. We present
a (deceptively) simple prescription for calculating a more complex modification
from a simpler one. In Section VI we make explicit the first modification of the
coupling of the gravitational field to its source. This section also contains a calcul-
ation of the two-graviton emission amplitude that is implied by the first primitive
graviton-graviton interaction. In Section VII we develop the interaction skeleton
to describe two-particle scattering and further illustrate our prescription for the
source terms,

Having calculated various emission amplitudes, we use them in Section VIII
to find the corresponding two-particle exchange contributions to the vacuum-
persistance probability amplitude. The resulting modifications of both the photon
and graviton propagators as well as those implied for the Coulomb and Newtonian
potentials are presented. Finally, we verify that our results satisfy probability
requirements.

II. NONINTERACTING SYSTEMS

We will review the source description of the various particles [1}-[{3] under
conditions of noninteraction to establish notations! and expressions that will be
referred to frequently in the remainder of the paper. The simplest case is that of
a spinless particle with mass m which is described by a real scalar function K(x).
The vacuum-persistance probability amplitude (briefly, the vacuum amplitude)
is given by

€0, ] 05K = expliwy(K)]

M
wo(K) = (12) f (dx)(dx’) K(x) d,(x — x") K(x')

and

(dp) explip(x — x')] )

dix—x) = Qm)t pP+ mi— e

which involves the limiting process € — +0. The multiparticle states are found
by considering the situation in which K = K, + K, where K, , effectively localized
in time prior to K, , creates particles which are subsequently absorbed by K; .
For this situation we require the property:

A.(x —x)=i J. dw, explip(x — x')], x0 > x%, 3)

1 The relativistic and quantum-mechanical notations are the same as those in Refs. [1}-[3],
except that the Minkowski metric is written as 7,,, . Unless otherwise stated, our units are 4/2» =
¢ = 87G = 1, where G is the Newtonian gravitational constant.
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where
(dp) = 2p'27)? dw, @

defines dw, and p® = (p? + m*)1/%. The vacuum amplitude becomes

0, 1 055 =<0, | 0551 (0, 10.)%<0, [ 0_>

(5)
(0, 10)% = exp [~ [ dev, Ke(~p) Ke(P)],
where
K(p) = [ () K(x) exp(—ip). ©)
By comparing Eq. (5) with the completeness relation
0, 10>% = {Z 0, [ {mp® {n} [ 0%, (7)
n}
we can extract the multiparticle states; we find that
{n} | 0K = <0, 1 0T (iK,)"%/[n, 12
8

€0, | {np>" = <0, | 0 X% [T GK,*)"/[n, ! }2

where n, = 0, 1, 2,..., and we have written
K, = (d“’p)l/z K(p) )]

The function w,(K) can be presented in the alternative form:

wolK) = W + w2,

(10)
WO = (@) L@, W = [(@) K ),
where
LY = —(1/2)[0.¢ &¢ + m2$4], (1

and it is understood that w,(K) is stationary with respect to variations of the
auxiliary quantities ¢(x). Thus, the resulting field equation is

(=2 + m®) ¢(x) = K(x), (12)
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and when this is solved with the appropriate boundary conditions we obtain
$() = | (dx) A,(x — ¥') K(x). (13)

Finally, when we substitute this expression into Egs. (10), thereby eliminating the
auxiliary quantities ¢(x), we obtain the original form of w,(K) as expressed by
Eqg. (1).

We turn now to the description of photons by introducing the real vectorial
function J#(x) which satisfies 8, J# = 0. We start with the implicit differential
form of wy(J):

wold) = W + Wi,
WO — [@) L0, WP = [ (@900 4,

(14)

where
LY = —() FF,,,  Fu = Oud, — 8,4, . (13)

The requirement that wy(J) be stationary with respect to variations of the auxiliary
fields 4,(x) implies the field equations:

o (A — FAY) = Jn, (16)

which have the solution (with the usual boundary conditions):

A,(x) = [ (@) Dolx — X) J) + 8,009, (7

where
D, (x — x) = n,,D(x — x). (18)

In Eq. (18), 7, 1s the Minkowski metric (with diagonal elements —1, + 1,:+1, +1)
and D,(x — x') is the zero-mass version of A,(x — x’). The arbitrary gauge
function A(x) in Eq. (17) disappears when we substitute that equation into Egs. {14)
to obtain the form:

wo(J) = (1/2) f(dX)(dX') JHx) Dy — x7) JH(X'). (19)

By considering the situation in which J* = J* 4 J,», where the decomposition
has the same meaning as before, we are led to the form

0410 = exp | — [ des, i(— p) m.di(p)]- (20)
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To complete the derivation of the multiphoton state, we introduce the two real
polarization vectors e,%(p) associated with each p*. They satisfy

e (p) pel(p) = 6%, ab=1,2,

~ 2
e p) =0, pe(p) =0,
where
p* = p* + 2n*np, (22)
and n* is a time-like unit vector: n? = —1. Then we may write
N = 3. &P &(p) + (p. P, + 2, B/ DP), (23)

and when this is substituted into Eq. (20) only the polarization sum survives since
p.J*(p) = 0. We obtain

(0, 10.) = exp [z e (me,)gJ, @3
where
]pa = (dwp)l/z eua(P) _]u(p)’ a = 1’ 2’ (25)

is a convenient notation for writing the multiphoton states:

Amy 10207 = <0, [ 0D TT (i) [ 172,
pa (26)
O, 1{m7 = <0, [ 07 TT (50 [ T2,

Eqs. (26) were obtained from the completeness relation (7) adapted to the photon
source J#(x).

The (hypothetical) graviton will be assumed to be a spin-2 particle with no rest
mass. Its noninteracting behaviour is then described by

wy(T) = W2 + w,

@7)
W = (@) L2, WP = [ (@) T0) b,

where the source function 7#(x) is a real symmetric tensor satisfying &, 7% = 0,
and 4,,(x) are the gravitational field variables. The Lagrange function for spin-2
massless particles may be written as

L;2) = (1/2) nu"[r‘ﬁfv’\x - PJVF;K]’ (28)
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where
FL)L\V = 8uhv/‘ + avhu)\ - a/\huv . (29)

The field equations implied by the stationary requirement on wy(T), with respect
to variations of /,,(x), are

—azhuv + (1/2)(auhu ‘l" auhu) = ﬁuv,AxT"K’
(30)
h, = 28%h,, — 6,h, h = p*h,,,

and
ﬁuv,/\h‘ = (1/2)[7)11)\an + Nuevr — nuvn/\x]' (31)

The solution with the appropriate boundary conditions is

hu(x) = f(dx’) Dy adx — x) T(x') — (1/D[0.6,0x) + 8.6, (32)

where

Dul/,/\K(x - x,) = ;)uv,/\KD+(x - x’)'
The arbitrary vector gauge functions £,(x) disappear when we substitute Eq. (32)
into Egs. (27). The result is an explicit integral construction of wy(7T'):

wo(T) = (1/2) f (dx)(dx") T*(x) Dy pdx — x7) T(x'). (34)

The multigraviton states are found by specializing w,(T) to the familiar situation
T =T, + T,. We must again consider the form

0,107 = exp [— [ d TL(—H) Furac TR, (35)

where k is the four-momentum variable of the real graviton. Substituting Eq. (23),
with p replaced by k, into Eq. (31) produces a form of 7, ,, appropriate to Eq. (35).
Thus, the fact that £, 7“(k) = 0 allows the replacement:

ﬁuv.l\x - Z e:v(k) exx(k)’ (36)

r=1,2
where

en(k) = (1/V2)e (k) e} (k) — e, (k) e2(k)],
enlk) = (1V2)[e, k) eX(k) + e,X(k) e, (K)].

(37
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The properties of these polarization tensors, deduced from Eqgs. (21) are:
en(k) e k) = 8,  rs=12,
n"el (k) = 0, (38)
ke (k) = 0,  k“e/ (k) = 0.

By comparing the version of Eq. (35) containing the replacement (36) with the
completeness relation we deduce the multigraviton states:

Any 1057 = <0, | 05T T (T)™ /g, 12,

(39)
O, [H{m)T = <0, | 0T TT GT3%) " /[, 112,
where
Ty = (don)' 2 e (k) T(K). (40)

We summarize our discussion of the noninteracting systems by stating that the
vacuum amplitude for the combined system of material particles, photons, and
gravitons is given by
<0, | 0_D%T = expliwy(K, J, T)), 1)
1
wo(K, J, T) = wy(K) + wo(J) + wo(T).

II1. FIRST PRIMITIVE PARTICLE-GRAVITON INTERACTION

Schwinger has successfully described gravitational phenomena in the quasi-static
macroscopic domain by coupling the gravitational field to the stress tensor of
various systems [1]. Following his suggestion, we extend that prescription to
interactions in the microscopic domain. The stress tensor of the system defined
by W¥ is found by considering the response of this system to a general coordinate
transformation x* — x* -+ 8x* . Using

8'(8,) = —(9, 6x") 0, 8'(dx) = (8, éx*)(dx), (42)
and 8'¢d(x) = 0, we find this response to be

swY = [ (@) T 8, 8x, (43)
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where
To = 8"p &' + 9"'L,Y. (44)

The assumption that the primitive interaction is given by

W = [ (@) T2 hal), “5)

is incorrect even in the weak field situation since we have ignored the source K(x).
Thus, the fact that the divergence of T:(x) is given by

0. Tw(x) = —K(x) &$(x) # 0, (46)

means that when we substitute expression (32) for 4,,(x) into Eq. (45) the gauge
functions &,(x) survive. This deficiency is eliminated by formulating the primitive
interaction in the following way:

wea(K, T) = W) + Wi, @7)
where
W = [ (@) X(x) K(x) 4(x) (48)
involves
X = = [ @) 576 = %) hul). 49)

This linear functional of the gravitational field must respond to the gauge
transformations

By = by — (1/2)@0.8, + 8.£.), (50)
according to
X,—> X+ & (51)
This response requires that f4"(x" — x) satisfy

—0,f5(x" — x) = 8 6(x' — Xx). (52)

The construction of the function f4*(x’ — x) is greatly facilitated by considering
the analogous situation that arises in electrodynamics [2]. The latter situation
requires the construction of a function f#(x’ — x) that satisfies

—8,fu(x" — x) = 8(x" — x). (53)
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Thus, we can satisfy Eq. (52) with the construction:
G —x) = ' — %) 8 + f(x" — x) 8"

+ f(dX”)[aXf (" — X = x). (54)

Now an alternative way of presenting the primitive interaction is:

Woa(K, T) = [ (@) £3) b9, (55)
where
1) = T — [ (@) Kr) 99(x) f3 — %) (56)
satisfies
Outm(x) = 0. 57

The two terms in Eq. (56) imply that both the particle and the source are involved
in the mechanism of graviton radiation. This means that f5"(x" — x) must be local
in time. But this requirement is satisfied by making f*(x" — x) local in time and
such a function is already available from the source description of electrodynamics.
In our context the source function K(x) supplies a time-like vector,? as represented
by —@&g , from which we construct

fux' — x) = —(V¥¢/ V3 8(x' — x), (58)
where
Vi = 0 — B4(00x) 0. (59)

This version of f#(x" — x) defines a particular type of effective source and we will
limit ourselves to this choice.® To understand better the nature of the source
characterized by this function, we will now consider the emission amplitudes that
are implied by this choice.

By treating 77(x) as a weak effective graviton source, we find that the emission
amplitude for a graviton of four-momentum k and polarization index r is

i | 0% = i(deon 7 ef, (k) [ (de) e 122(x). (60)

2 A more precise definition is given at the end of Section VII.
3 Qur intention here is to parallel Schwinger’s discussion of the akin situation in electrodynam-
ics. See [2] for additional details including a verification of time locality.
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The presence of the factor e], (k) allows some simplifications which may be presented
in the form of replacements:

Tin(x) = 89(x) 9(x), (61)
and
J @y e opiee — x) — isplk; o) (62)
where
SE; 0) = (81" 05" + 8" Ik o) — Ky 05 Bgl(k 0. (63)

All told this leads to the replacement of #)(x) by
ou(x) " p(x) — iSy(k; 8,) K(x) OP(x). (64)
Now consider the situation where K is a superposition of a particle-detection

source and an extended source as indicated by the replacement K — K + K.
The relevant part of expression (64) for the emission of a particle and a graviton is

204¢,(x) o p(x) — iSy(k; 0) K(x) 0y(x), (65)
where ¢,(x) is the field associated with the detection source X, :
hi(x) = [ (@) K(x) A — x)

= 2 (dw )72 (iKp*) e,
»

(66)

If the particle is emitted with a four-momentum p then the source K(x) must
supply the four-momentum P = p + k; thus,

Sir(k; 8) — (B,“p” + 8,p*)[(kp) — k, p*p*[(kp)*. (67)
The emission amplitude is

. , 2 Wy v
(Laely | 055 = ido, e * L) gl — FE KD (69)

However, the fact that P2 = —m? 4 2(kp) means that the second term in brackets
cancels the first term. Contrast this result with the one obtained by replacing —iog
in f4(x" — x) by a constant vector parallel to the time axis. For this type of source
the second term in Eq. (68) does not appear [2] and the first term appears intact.
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The denominator of the first term becomes very small for soft gravitons; hence,
our original choice of /#*(x’ — x) avoids this strong radiation that would accompany
the creation of the material particle.

The probability amplitude for the emission of two particles from an extended
graviton source does not involve the source term W§'. To make this statement
convincing we recast the primitive interaction into the form:

Wat(K, T) = j (dx) T2(x) H,(x), (69)
where
H,(x) = h,(x) + (1/D)[0,X,(x) + 3,X.(x)] (70)

is invariant under the gauge transformations (50). When we specialize the source K
to the arrangement K, -+ K, , the relevant part of 7% involves only the field ¢,
presented in Eqgs. (66). Then the emission amplitude for two particles of four-
momenta p and p’ reads

plyr | 00T = i(dew, dawy Y* P#(p, p'X1/2) k2H,(K), QY
where
k=p+p, (/2)k=(pp)—m, (72)
and
Pu(p, p')y = o — (pp" + pp')l(pp") — m?]. (73)

We can replace H,,(k) by the more general field 4,,(k) because
k. P*(p,p’) =0, (74)

and this means that the source term W' makes no contribution. The result stated
in Eq. (71) implies a modification of the graviton propagator but we postpone
that calculation until we have the corresponding results for two-photon and
two-graviton emission.

1V. FirsT PRIMITIVE PHOTON-GRAVITON INTERACTION

In this section we consider the first primitive interaction between photons and
gravitons. Following the procedure of the previous section, we postulate this
interaction:

Wl T) = [ (dx) T0) Hool), (75)
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where
TW=F ”"mKF'”‘ - {1/9 n”"F""FAK (76)

is the stress tensor associated with the system defined by W/”; its derivation requires
the use of Egs. (42) together with

8'A,(x) = —9, dx’4,(x). a7
Using Eq. (70) and the fact that

0, T7(x) = —F™(x) Ju(x), (78)
we can write the primitive interaction in the alternative form

W, T) = WV + wP, (792)

W = (@) T, WP = [ (@) X,F,. (79b)

To calculate the one-graviton emission amplitude implied by this interaction we
use the form:

Wl T) = [ (@) £203) ho(), (80)
where
6(x) = T;(x) — f(dX’) FY (') JLx) [~ %) (81)
satisfies
2,6 (x) = 0. (82)

The probability amplitude has the same structure as Eq. (60):
i | 0257 = ildew )2 e, (k) f (dx) e 1(x). (83)

In this case the presence of the polarization tensor allows the replacement of #(x)
by

F(x) o (x) — 183k 0,) Jo6) F“(x), (84)

which indicates that the time-like vector —id;, which is involved in the definition
of f(x" — x), is now supplied by the source J#(x).

The probability amplitude for the emission of a graviton and a photon is
developed by considering J,(x) to be the superposition of a photon-detection source
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and an extended photon source as represented by the substitution J* — Jy* 4 Ju,
The relevant part of #,"(x) is

2FENx) M FP(x) — ISk 85) J{x) Fi~(x) (85)

where Fi*(x) is the field associated with the detection source:
Fud) = [ (@) Z(—p)lmnpu — mup] €%, (86)

By using the decomposition of v, in Eq. (23) we can write

Fx) = Y (dw 2 (I3)1 e e, (p) pu — €.(P) p.]- @87

The emission amplitude may be written in the unified form:
<1kr1pu I 0—>J = l(dwk dwm)l/z e;v(k) ez\a(p) UHV’AK(ka P) AK(P)’ (88)

where P = p + k is the total four-momentum supplied by the source, when we
relate J, {x) in Eq. (85) to the field 4,(x) through Eq. (16). The first term in Eq. (85)
makes the following contribution to U**(k, p):

2pp A+ (P ) (pk) — (P + ) pf — (pin A+ pry) K (89)
and the second or source term contributes:
—2prp + (pry?t + prp)(p< — k<) + 2pp’k*k*[(kp). (90)
The total contribution reduces to the simple form:
Uk, p) = (1/2) P[Pk, p) P(k, p) + Pk, p) Pk, p)] o1
where
Pk, p)y = n — (k'p” + k'p*)/(kp), 92)
is actually Eq. (73) specialized to this zero-mass situation. The properties
k.P@(k,p) =0,  p.Pk, p) =0, ©3)

not only guarantee the invariance of Eq. (88) under the gravitational gauge trans-
formations (50) but also under the usual electromagnetic gauge transformations.

The two-photon emission amplitude will be calculated from Eq. (75) specialized
to two photon-detection sources which may be indicated by the replacement:

T — Fity, Fi* 4 9 LO(F). (94)

595/56/2-3
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By using Eq. (87) for the fields F}” we find that the probability amplitude for the
emission of two photons of four-momenta p and p’ and polarization indices a and b,
respectively, is

Upalyry | 00T = —i(dw, dwy )2 k2,"(p) €,°(p") P (p, p') Hylk), (95)

where

Pud(p, p'y = (1/2)[P**(p, p') P*(p, p) + P“(p, p’) P(p, p)
— P»(p, p’) P*(p, p)}, (96)

and k = p + p'. We may replace H, (k) in Eq. (95) by the field 4, (k) because
k\Puwi(p p'y = 0. o7
We close this section by pointing out that

P;/‘(P, P') P,\V(Pa P’) = Puv(p’ P,), (98)
and
P(p, p") Pii(p, P') = PLp, P), 99)

which are useful in calculating two-particle exchanges.

V. INTERACTION SKELETON

The introduction of the first primitive interaction may be viewed as the intro-
duction of new, effective sources. For example, 1%'(x) is an effective graviton source
introduced by the first primitive particle-graviton interaction. By coupling these
sources to each other we obtain more complicated interactions which imply
additional effective sources. In this section we will develop the description of
a class of processes belonging to this proliferation; these are the so-called skeleton
interactions which may be analyzed as the exchange of a single particle between
appropriately defined effective sources. This development cannot be divorced
from the concomitant introduction of more complicated primitive interactions
including the graviton-graviton interaction. The unifying principle is that of
general coordinate invariance and our starting point is Schwinger’s introduction
of that principle in the context of a source description {1].

The response of W!® to infinitesimal coordinate transformations can be
represented by the variation:

WY = j @[S W /5] 8.9, (100)
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where
3.9 = —ox, 0. (101)

The response of WS to infinitesimal gravitational gauge transformations is

8, W = [ (dx) 6, [8W 2 5h,,] 8¢, . (102)

Reference to Egs. (10) and (11) for W and Egs. (44) and (45) for W\ reveals
the identity

8w sh,,} = [SWY/84] &°4. (103)

By making the connection 8¢, = éx,, we introduce a higher symmetry which
links the gravitational gauge transformations with arbitrary coordinate trans-
formations as expressed by

8ghuv = ’-(1/2)(&1 va + av qu)' (104)

To obtain the full response of W to the transformation: x* == x* 4+ 8x*, we must
supplement Eq. (102) with

8D = [(@IBWLI418.8 + [(@IBWLIh) 8, (105)

where
8., = 8h,, — 8x* 0,h,, (106)

mvolves the tensor transformation property
Slhuu = —‘huh av SX'\ - hv)t au. le\‘ (107)

The new interaction W2 is introduced by requiring that its response to infinitesimal
gravitational gauge transformations cancel the response in Eq. (105),

S W2+ 8. W = 0. (108)
In general, W,(" will be connected to W by
SR L s WV =0, n=12... (109)
This guiding principle will aid the development of the series

Wa =W+ WP+ W2 + -, (110)
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where the superscripts indicate the number of times the gravitational field appears
as a factor in the integrands. The function W, will be invariant under the variations

8¢ = 6,4,  Oh,, = 6,h,, + 8., . (111)
The definitions g,, = v, + 2#,, simplifies the last variation,
Bguv = —&u av 8xt — 8 au 3x* — 8x* a/\guv - (112)

This familiar equation suggests the following expression for the function W, :

Wa = | @N—? (~1/2)[0.48" 0.6 + m*¢], (113)
where
g(x) = det g,,(x),  gux) g¥(x) = 3" (114)

By making use of the expansions

—g(x) = 1+ 2h(x) + -,

(115)
g7(x) = n — 2h(x) + -+,
we can reproduce the previously defined functions W and W\!'. We have followed
this heuristic development of the principle of general coordinate invariance since
it will help us in constructing the necessary modifications of the coupling of the
matter field ¢ to the source K.
To satisfy the principle of general coordinate invariance, we must replace the
structure W + W by the more general development:

Wi=W+ W&+ W+ -, (116)

where the superscripts have the same meaning as in Eq. (110) and the source terms
are related by

S WP + 8 WP =0, n=12,... (117)
The variations are those connected with Eq. (109). The equation labelled » = 1

is already satisfied by the structure of W defined in Eq. (48). The equation labelled
n = 2 introduces W and implies the differential equation

—8,[8W2/8h,,] = T2 [SWPIsh,] + 2k, 2,18WLSh,,| — BWL[8$] &$. (118)
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The right side of this equation is a known, linear functional of the gravitational
field which we write as

Z4x) = [ (@) Z(x, %) o). (119)

It should be noted that the structure of W implies that Z**(x, x') is local in time.
The form of Eq. (118) suggests that we write

W) = (112) [ (@de)(dx') K=, ¥) hal) ), (120)

which implies the integrability conditions
K»d(x, x') = Kdw(x', x). (121)
The differential equation (118) implies the condition
— g KM (x, x') = Z"™(x, x'). (122)

In addition to these requirements, K** should be linear in the source K and
linear in the field ¢ since we only seek that modification of W due to the presence
of a strong gravitational field. This suggests that we relate K** directly to its
derivatives. An algebraic construction of W& accomplishes this and at the same
time by-passes the problem of satisfying the integrability conditions. The function
W2 is introduced by making reference only to its response to gravitational gauge
transformations and this suggests that we make use of the gauge-invariant field H,,
defined in Eq. (70). These, and other,* considerations lead us to the prescription:

W(2)(H) =0
or * (123)

(1/2) [ (@x)(dx') K*(x, %) Hoolx) Hp(x') = 0.

The modification W already satisfies a similar equation. By eliminating the
field H,, in favor of 4,,, we obtain

W) = — [ (@x) X,(0) Z(x, X) hpx')
+ (172) [ (d)(dx') 0/ Z(x, X') Xi(6) Xlx). (124)

4 The decisive reason for this prescription is given near the end of Section VIL
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We eliminated K*-*(x, x') by using Eq. (122). This W is local in time and
responds to infinitesimal gravitational gauge transformations according to

SWE = — j (dx) Z+(x) 8x, , (125)

since the variation of #,.(x") in the first term in Eq. (124) is cancelled by the variation
of the second term in that equation. This results from the gauge invariance of H,,
and, of course, is not limited to the case n = 2. Thus, in general, we have the
prescription '

WOH) =0, n=12,... (126)

Egs. (126) and (116) determine each of the source functions W (k) by the method
just outlined for the case n = 2.

Exactly the same development can be carried out to describe more complicated
photon-graviton interactions. The result is that

W, = —(1/4) | (@O~ Fugg™Fi
(127)
— W;O)‘*‘ W‘}l) + Wi?) + e

reproduces our original expression for W + W and builds further interactions
by the principle of general coordinate invariance. Furthermore, the series

Wr= WP+ WP+ wp + - (128)
has each of its terms W™ determined by the equations

8, W 4 3 Wi = 0,

n=12,.., (129)
WH) = 0,
which involves the use of the variation
8,A, = —A,8,0x" — dx* 8,4, . (130

We have introduced the first primitive interactions by coupling the gravitational
field to the stress tensors of the systems. But the system of noninteracting gravitons
defined by Eqgs. (27) and (28) also possesses a stress tensor. Thus, we are led to
the introduction of a graviton-graviton interaction. In fact, to satisfy the principle
of general coordinate invariance we must develop a series of interactions:

Wo= W+ W+ WP+ . (131)
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A function W, which is invariant under general coordinate transformations and
contains the previously introduced W is

W, =(1/2) f (@dx)(—g)2 g [lu D — TuThl, (132)
where
K KA _
Fuv - (1/2)g (augw\ + avgu)\ a/\guv) (133)
= gm\ruv)\ .

The expansions in Egs. (115) will generate the series in Eq. (131). In particular,
we will obtain W which is a major portion of the first primitive graviton-graviton
interaction; we will discuss this in the next section. Finally, we introduce the
modifications of W,

Wr= W+ W + Wy + - (1349)

which will be generated by the equations
S, Wi + WP =0,
WiH) = 0,

n=223,.., (135)

and the only variations involved are those in Eqs. (104) and (106). Tye other part
of the first primitive interaction, W§¥, will be constructed in the next section.
The theory we have so far may be summarized in the statement

€0, | 0K = expliw(K, J, T)], (136)

where
WK, J, T)= Wy + W, + Wy + Wx+ W;+ Wr. (137)

When the consequences of the implied action principle are worked out, we obtain
not only the series of primitive interactions in which more and more gravitons
participate but also all the skeleton interactions found by compounding these
primitive interactions. This development is illustrated in Section VII.

VI. FirsT PRIMITIVE GRAVITON-GRAVITON INTERACTION

In this section we continue the evaluation of emission amplitudes implied by
the first primitive interactions. For this purpose we employ the weak field treatment
which characterized the calculations of Sections III and IV. The first primitive
graviton-graviton interaction is given by

wo(T) = W2y + W2(h). (138)
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The evaluation of the functional W' follows from the conditions
8, W) + 8, W(h) = 0,
W&(H) = 0.
The first of these equations provides the differential equation
—0,BWP(MIShu()] = [ (dx) THCx, %) (),

where

Iore(x, x') = [*T(x) + p=T(x) — 5°T*(x)] 9, 6(x — x').

The second of Eqgs. (139) leads to a structure that is similar to Eq. (124):
W) = — [ (@dx)dx') X,(x) TE™Cx, ) hyx')
+(112) [ (@9)(dx) &/ T5"(x, x') X,x) X(x),
or, performing the integration over x’,
W) = [ (@) T°11/2) 8.X°0,X, — ThX]

Under infinitesimal gravitational gauge transformations

SQF"’L, = _8uav SxA, SgX,\ = 8x/‘ 5

(139)

(140)

(141)

(142)

(143)

(144)

thus, we see from Eq. (143) that the response of W (h) to the same

transformations is

8, W) = — [ (dx) T“T%, 8,
This in turn cancels the response

S WP(h) = f (dx) TS b, ,

where 6.4, is defined by Egs. (106) and (107) and may be written in the form

8ol = Iyn 83 — 0,(h,) 8xY) — 2,(h,, 8xP).

(145)

(146)

(147)
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We have verified that W{(h) satisfies the first of Eqs. (139). The functional W *(h)
satisfies a similar equation,

8, W2 + 8. W2 =0, (148)

which is a consequence of the invariance of W,(4) under general coordinate
transformations. Eq. (148) implies the differential equation

—8,[8W2/8h,,] = T [8W®/8h,,]. (149)
It then follows that the structure

12%(x) = SWPJSh,.(x) + SWE/8h,(x), (150)
satisfies
9,1, (x) = 0,

in virtue of the weak field equations
SW,2/8h,.(x) + T*(x) = 0. (152)

Then the response of w,(7) to a change in the graviton source may be written as
Sywy(T) = f (dx)(dx") 8T™(x') Dy x” — X) 17(x), (153)

which identifies #/*(x) as the effective graviton source implied by the first primitive
graviton-graviton interaction. The emission of a graviton, of four-momentum k and
polarization index r, from this source is then described by

i | 05T = ides )V elufl) [ () = *2(x). (154)

It is interesting and useful to relate the first or field term in r,"(x) to the stress
tensor 7} of the noninteracting graviton system described by W . The latter
is defined by

Swe = f (dx) T*(x) 2, 8x, , (155)

which implies the use of the transformation Egs. (42) and (107). Using the
expressions (27) and (28), we find that

T = "Ly — (UDE "0 ke + 70 h]
+ 9,[Zwer 4 Zvou] 4 (B8 + hF8¥) 9,700, (156)
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where

Duor — e M(§,0hr — 8,vh.), (157)
and

e = gL 12308,k

. o (158)
— ]"/\Ku —_ nuv,/\Kdvh o (1/2) 77)“(}1”.

In the appendix we develop an identity for the purpose of calculating the functional
derivatives of W* and W . Using this identity we find that
SWO8h,, = T + 8,84 (159)
where
Auv,/\K — ’Y]uK‘)IM — nuv.yt\l( _{_ nv/\,ywc _ TIK/\,yu.v, (160)
and y* is the quadratic term in the expansion
(__g)l/2 guv — ,Y’uv p— z(huv . (1/2) .quvh) + zyuv _l_ rer (16[)
Chang [4] has pointed out that the properties
Auu,/\x — AM.uv — __Awf./\u — __A)W.H.K’ (162)

imply that this term makes no contribution to the integrals of energy-momentum
and angular momentum. Furthermore, this term does not contribute to emission
(or absorption) amplitudes since

elu(k) [ (dx) e 0,0,4(x) = 0, (163)

which follows from k% = 0 and the properties of € (k) in Eqs. (38). Thus, there is
essentially no difference between 7% and W, ®/8h,, .

We now turn our attention to the calculation of the two-graviton emission
amplitude implied by wy(7T). This amplitude can be calculated from the form
of wy(T) in Eq. (138). The result is simple but the intermediate steps are tedious.
There is another approach which is much simpler and leads, of course, to the same
result. In the latter approach we take advantage of the weak field situation by
performing the gauge transformation

hy, — H,, = h,, + (1/2(@0,X, + 0,X,). (164)
The source term then disappears and the primitive interaction reduces to

wy(T) = WE(H). (165)
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The field H,,(x) may be written in the form
Ho(x) = [ (@) Clix — ¥) (), (166)
where
Cislx — x) = 84,8) 8(x — x) — 8. fif (x — x) (167)
involves the symmetrization A(, B,y = (1/2)(4,B, + A,B,). The property
8/C¥x — x) =0 (168)

guarantees that the emitted gravitons have the correct polarization. Thus, the
field associated with a detecting source becomes

[Ho()h = Y, {i(dw 2 (T, e enl)[80.85 — kwSik; el (169)
k,r

which indicates that the source supplies the time-like vector —id, . If the emitted
gravitons have four-momenta k and k', we may make the replacement

S¥(k; 07) — (8, k' + S,k |(kk') — k'~ |(kk ). (170)
This leads to the simple form

[H ()] = Y i(de )2 (T3 Ejfk; k') e, (171)

kr
where

En(k; k') = ef (k) Pi(k, k') Pli(k, k'), (172)

and P,(k, k') is the projection operator in Eq. (92). The two-graviton emission
amplitude then reads

GMWAOQT:«@mm%yﬂfaumuofmef

X En(k; k') E(K's k) 2 (x, x'), (173)
where

Qun(x, x') = [82W.DISh,(x) Shul )] (174)

and the subscript ““H” reminds us that % js still a linear functional of the
gauge-invariant field. The next step is to functionally differentiate Eq. (159) using
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the expression for 7.” in Eq. (156). However, the properties of the polarization
tensors in Egs. (38) and the projection operators in Egs. (93) imply

k“ET (k; k') = 0 = K™ET (k; k'),
KE"(k; k') = 0 = kK"VE" (k; k'), (175)
»Er (ki k') = 0.

‘This means that very little actually has to be calculated. The result is

irlpes 1 07 = i(dewy dewr M 1* Efy(ks k') ' Eo(K's k) V*(k, k'), (176)

where

Vik, k') = [4(kK") Pue(k, k') P(k, k') + 7 Q% (k, k)] H,(k + k") (177)

and
O (k. k') = 2(k'°k'™ + k°k™) + (k°k'™ + k7k'*) — 3qor(kk'). (178)

The property
(k + k"), @7k, k') = 0 (179)

means that we can make the replacement H,, — 4,, in Eq. (177).
Before closing this section we note one more property of the gauge-invariant
polarization tensors:

Z E:u(k; k/) E/(.K(k; k/) = }_)u.v.)vc(ka kl)’ (180)

r=1,2

where the projection operator P,, . is defined in Eq. (96).

VII. SOURCE TERMS AND TWO-PARTICLE SCATTERING

So far in our development we have applied the prescription for the source
terms to the first primitive interactions only. In these simple situations we have
shown that the source terms need not be calculated if we use the gauge-invariant
fields H,,, . In this section we expand the interaction skeleton sufficiently to describe
two-particle scattering and demonstrate again that the source terms need not be
calculated. This demonstration will clarify the nature of the source terms and make
their prescription plausible.
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We restrict the system of interest to interacting photons and gravitons since
no new features would occur if we included the spinless particles. The interaction
skeleton reduces to

W(.], T):Wv+ WJ+WU+WT' (181)

The various primitive interactions are made explicit by expanding the right hand
side of (181) according to Eqs. (115):

wil, T) = WO+ w? 1 w,, (182)

where W represents the remaining terms in the expansion. The action principle
then provides the field equations:

_ (0 —
SWVI8A, = SW,/8A,, (183)
—SWPSh,, = SW/Sh,, .

This system of equations will be solved by introducing an iteration procedure:
A, = A+ A, + -,
huv = h:w + h:v + .“’

(184)

where A, and 4, are the noninteracting fields introduced in Section IT and satisfy
. 1)) " — Ju
- [8 Wg(z)/ahuv]’ = Tw

respectively (the primes mean the functional derivatives are evaluated with the
noninteracting fields). The fields 4, and A, represent corrections from the first
primitive interactions and satisfy

—BWRAY = j* = B + Wi)say, (186)
—[SW,BUSh,,)" = 1% = 12 | 1.

The elements of ¢4 are also evaluated with the noninteracting fields and are the
same as those discussed previously.
The iteration procedure (184) is also applied to Eq. (182) and produces the series:

wW(J, T) = wo(J) + wo(T) + wp1(J, T) + wy(T) + wy(J, T) + -, (187)
where

wild, T) = W2 + WR) + I+ WPY + 1 [ (@0l + j*A4Z) (188)



344 RADKOWSKI

describes the various two-particle scattering processes. To make this more explicit
we eliminate the fields 4, and h,, ; Egs. (186) have the solutions

uy

Al(x) = f (dx') Dy(x — x') j(x') + gradients,
(189)

Bo(x) = [ (dX) Dy — ¥') 4(x') + gradients,

respectively. The gradient structures are immaterial to the evaluation of Eq. (188)
since the extended sources j* and ¢** are conserved. The resulting expression is

W4(J> T) = W4(T ) + W4(J ) + “'2,2(J> T), (190)
where
wi(T) = [W® + WY + WD, atd (191)

describes graviton-graviton scattering,
Wa(J) = 31Dy piy” (192)
describes photon-photon scattering, and
WoalJ, T) = (W2 + W1 + 1" Duf” + £ Dot} (193)

describes photon-graviton scattering. Throughout Egs. (191)-(193) we have
employed a short hand notation in which the tensor indices represent the
coordinates as well, e.g.,

3 J#Dujr = 5 [ @) j40) Dusx — x') 1), (194)

The last step in this development is the elimination of the noninteracting fields
in favor of the sources using the familiar solutions of the field Eqs. (185). An
unambiguous elimination requires expressions (191)-(193) to be invariant under
the Abelian gauge transformations. The electromagnetic gauge transformations
present no problem, so we consider only the gravitational gauge transformations.

8h,, = —(1/2)(@, dx, + 8, 6x,). (195)

The response of expression (193) to these transformations may be written as

SwaolJ, T) = SIW,Y + W) + [(@olj* 842+ 67 8hL],  (196)
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in which
84, = F., 6x’ + gradients, (197)
8h, = I, 8x* + gradients.

The form of Eqs. (197) may be obtained from the solutions (189) or by iteration
of Egs. (130) and (147). The other variation in Eq. (196) is evaluated using

8482 + W) sh, ) = Tyl — Frj* (198)

which follows from the invariance of W, + W, under general coordinate invariance

as discussed in Section V. Thus, the total response of w, (J, T) is zero. The same

procedure applied to w,(T) and w,(J) shows that they are also gauge-invariant.
But the invariance of w,(J, T') means that we can carry out the transformation

hi(x) > Ho(x) = f(dX') Cus(x — X') I Ax), (199)

which eliminates the source terms W{* and W§. Furthermore, when the extended
sources are evaluated with the gauge-invariant fields they become:

40 = [BW V184,14

(1761 = [ @xBW[8 ()Y Cilx’ = ), (200

[0 = [ @VBW RSk Chlx’ — ).

Thus, all reference to the source terms is eliminated. The form of the expressions
{200) suggests the following transformation of the propagation function:

D . —CoC#D (201)

12y, Ak wy Ak or,a8 ?

which employs the notation illustrated in Eq. (194). The transformations (199)
and (201) absorb all the projectors Cj< and in fact define a particular gauge.
Thus, the source terms allow the consistent introduction of a particular gauge and
disappear once this purpose is achieved.

Finally, we must refine the definition of the gauge function f“(x — x’) used in
connection with the first primitive interactions so that it is applicable to the present
sitvation. Thus, if the transformation (199) is to eliminate both source terms
W and W then the symbols —id; and —id; must be given the same numerical
assignment which we now represeat by Ns. By choosing Ny as the four-vector
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representing the total energy and momentum emitted (absorbed) by the production
(detection) sources, we remain consistent with previous assignments and provide
a definition that may be applied to more complicated situations. This vector is
parallel to the time axis in the rest frame of the particle system, but the resulting
gauge function does not lack covariance of form.

VIII. SIMPLE Two-PARTICLE EXCHANGE

The introduction of the primitive interactions requires that we extend the
definition of the source functions to values of momenta that are not on the mass
shells. This allows two extended sources to interact through the exchange of
more than one particle. These new interactions are not among the terms of the
infinite series represented by w(X, J, T) in Eq. (137); rather they appear as modifi-
cations of those terms. In this section we will discuss two-particle exchanges
between extended sources that lead to modifications of the terms in wy(K, J, T)
defined by Eq. (41).

The probability amplitude for the emission of a photon and graviton from a
weak extended photon source has been stated in Egs. (88) and (91). It can be
presented in the equivalent form

Mirlpe | 057 = i(dewy, dew, ) e, (k) €)(p) P*(k, p) P*(k, p) JAP), (202)

which makes explicit reference to the source J. The corresponding absorption
amplitude is

0, | Liplyey = i(dary dw, )2 el (k) e°(p) Pk, p) P*(k, p) J(—P). (203)

The contribution to the vacuum amplitude associated with photon and graviton
exchange between sources, J; and J, , is

Y <0, [ Liplpe) Pl | 0 = — fdw,, dwy Jy(—P) P, (k, p) J,'(P), (204)

kr,pa

in which the polarization sums have been removed by the use of Eqs. (23) and (36).
To make this expression take on the appearance of being a modification of wy(.J),
we introduce a unit factor in the form

Q) f AM2dwpd(p + k — P), —P®—= M2>0. (205)
Then the two-particle summation becomes

— [ dM? deop J(—P) L(P) J(P), (206)



SOURCE DESCRIPTION OF GRAVITATION 347

where
[*(P) = Q) f das, dwr 8(p + k — P) Pk, p) (07)

satisfies
P.I(P)= 0. (208)

This property of /#/(P) means that it only has spatial components in the rest frame
of the timelike vector P. A quick calculation in this frame produces the result

I4(P) = (1)2472) N=(P), (209)

where
N»(P) = n* 4 P*P*[M2. (210)

The contribution to the vacuum amplitude becomes
—(Gf3m) [ dM? dwp Jy(—P) 1, J(P). (211)

We have introduced the Newtonian gravitational constant G by lifting the
restriction 87G = 1.

The result in expression (211) is restricted to a specific spatio-temporal arrange-
ment of the sources. But the source functions J,*(—P) and J,*(P), defined for
—P? >, are only elements of the general source function J#(x) which acts in
space-time. Another element, which refers to — P2 = 0, is involved in

i [ (@) 1) Dulx — %) I () = — [ dop T (—P) mudg(P) (212)

which is the contribution to the vacuum amplitude associated with photon propaga-
tion between weak production and detection sources. The various elements are
united in the generalization

o) = (112) [ (d)(dx') JHx) Dunkx — ) Jx). (13)

Our previous results are contained in the modified propagation function

B oy @P) it g5
Duv(-x X) - (2,”,)4 € Duv(p)a (214)
where
= M e [T AM (2[37) 7,
Dulp) = ™ — G | G e (213)

595/56/2-4
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The lower limit of the integral indicates some procedure must be introduced to
deal with the infrared problem. An alternative version of the propagation function
which involves only the first term of the expression

. [ dM 1 g 1 1
.JMpuwﬁ—k_JﬂM“4f+w#—k“Aﬂ

]am

has been rejected since it does not exist. The second term in Eq. (216) is independent
of p?; thus, its contribution to the vacuum amplitude is a phase factor which has
no physical consequences since it effects neither the vacuum-persistance probability
nor the particle-mediated coupling of different sources.

The generalization in Eq. (213) implies a modification of the Coulomb potential:

Qwﬂ%hjwwmm—ﬂ @17)

Both versions of the propagation function give the same result [1]:
AnD(x — x') = 1/r + 2G/37r?, (218)

provided r = | x — X’ | is not zero. Of course, the quadrupole term is not within
the range of contemporary experimentation.

The contributions to the vacuum amplitude associated with two-particle exchange
between extended graviton sources lead to modifications of the function wy(T).
We provide a numerical suppiement to Schwinger’s qualitative discussion of these
modifications [1}. The modified graviton propagator has the structure

I — ﬁuv.z\x _ L2 no d__M Guv./\x(M)
Dy adk) = 5= M?%Mﬁrmj? (219)
which is analogous in form to the photon propagator defined by Eq. (215). The
function w,(T) is then replaced by

WoT) = 5 [ (@A) T() Dl — %) TH), (220)
where
ﬁuv.)«x(x - X') = J. ((2‘17’:))4 eik(m_m’)Duv,AK(kL (221)

and k = 8xG indicates that we are now using the units of Ref. [1]. The relationship
between o, ,(M) and the various two-particle exchange contributions to the
vacuum amplitude is

K? - " ® W @
S [ dMR oo, T 0, M) TR = 00 + 0%+ 222)
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in which —k% = M2 The contributions to the vacuum amplitude have been
designated as follows: o' is the summation over the material particle states,

v = (1/2) T <0, | L1 (L, | 007, (223)
»,p’
vV is the summation over the photon states,

vV = (1/2) Y <0, | Lol lpalys | 00T, (224)

pa,p’d

and v® is the summation over the graviton states,

U(Z) _ (1/2) z <0+ | lmly,syfl <1:m‘11;'s | 0_>T2’ (225»

pr, 0’8

Since the contributions are additive, we write
5@
qu,/\K(M) = Z oulv,)lK(M)' (226)
=0

The probability amplitude for emission of two material particles from a weak
source has already been stated in a form equivalent to

Al 10T = i—'z‘- (dw, dw, V2 P,(p, p') T=(k) 227y

where

T‘"’ — ﬁuv.)\xT/‘K . (228)’
The two-particle summation becomes

2 — —
v — — % [ dw, doy (T(—K) Pulp, 2) Pulp, P) TYR)L (229

We concentrate our attention on the total momentum & by introducing a unit
factor in the form

@ [ M2 dop8(p + ' — k), —k'= M*>@mP.  (230)
Then
2
o0 = — < [ dM® dur, TE(—F) I000) T C0), 231y
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where
19,00) = @m* [ des, devyy 8(p + p' — K) Pulp, P) Pap P)- - (232)
The property of P,(p, p’) in Eq. (74) implies that I'", (k) has only spatial com-

ponents in the rest frame of the time-like vector k. The calculation of 1Y, (k) in
this frame involves a sum over all solid angles which is facilitated by the use of

d‘Q Iclmn__l kil mn kno,lm kmaln
fﬁuuuu = 73 1™ & i 4 e, (233)

where u*, k = 1, 2, 3, are the components of a unit vector. The result is

19, (k) = AO(M) 4N, (k) N, (k) + BO(M) B, ,.(k), o
where
A(O)(M) _ *721—77 [1 _ ( 2Mm )2]1/2 [1 n 2_](4_71:_]2
© 1 2 \271/2 2 1272 (235)
B (M)=“60—,,[1_( M)] [1_(7)]
and

Euv,)xk(k) = (1/2)[Nu/\(k) an(k) + NuK(k) Nv)\(k) - (2/3) Nuv(k) N/\K(k)]' (236)
N, is defined by Eq. (210). Substitution of Eq. (234) into Eq. (231) gives

U(O) _ K2 fsz dw TuV(_k) (0 Ak,
- k41 Guv.AK(M) T2 (k)r (237)
167
where
M) = AV mumac + BODD) € (238)
and
guv./\x = (1/2)[7)u)t7’wc + NuMor — (2/3) Tluvn/\f(]' (239)

The probability amplitude for emission of two photons from a weak source,
Eq. (95), can be written in the form

(galyy | 0T = —ik(dew, dw,)'* €,%(p) X(p") P*(p, p') T\ (k). (240)

Then the two-photon summation becomes

2 m— —_— —
oV = — 2 [ dwr, deoyy TE(—F) Punpp, p') T K. (241
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Again we introduce a unit factor in the form (230), but in this case —k2 = M2 > 0.
A calculation in the rest frame of the vector k verifies that

125k) = 64 [ dav, deo, 8(p + ' — k) P p, p) (242)
is given by
12, (k) = (1/57) &, 2 k). (243)
The property
7T (k) = 0 (244)

can be traced back to a similar property possessed by 74" which is defined by
Eq. (76). The desired result is

ol M) = AVM) e + BOM) € e (245)

where
AYM)y =0, BYM) = 1/5x. (246)
The probability amplitude for emission of two gravitons has been stated in

Eq. (176). For present purposes, it should be multiplied by « and the &’s changed
to p’s. Then the two graviton summation becomes

2
p® = — KT f dwy, doy [Vi'(p, p') Pu(p, 0) Prdps P') V(D P)), (247)

in which the polarization summations were performed by using Eq. (180). A more
explicit form is

v = —i* [ do, doy [TE(—K) Gl p, 1) Gop, p) THRL, (248)

G.(p, p) = ()., + (p.p + p.2.)Y PP — 2pup. + p.'p.) (0P,
(249)

and k = p + p’. We now introduce the unit factor and consider the integral
12300) = 1287 [ deo, dwry 8(p + p' — k) G, P Gop, p). - (250)

The property k“G,.(p, p’) = O means that [2, (k) only has spatial components
in the rest frame of the time-like vector k. A calculation in this frame produces

I2k) = — Noyk) Nok) + 75— Burack). (51)
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Thus the desired result is

O.A(l.?/)./\t((M) = A(Z)(M) nuvn)m + B(2)(M) guv,/\x B (252)
where
() _ 1 (2) _ 3
A%y = 4 -, BUM) = 5 (253)

The modified Newtonian potential due to the exchange of the massless particles is
47D (r) = lr + 4G/157r3 + 9G/107+?, (254)

where the second and third terms refer to photon and graviton exchange,
respectively.

Finally, we must show that our results satisfy probability requirements. The
forms

Tk o Thdk),  Talk) E T, k), (255)
are positive definite; thus the probability requirements are
A9 >0, BYMY>0, i=01,2 (256)

Reference to Egs. (235), (246), and (253) shows that our results satisfy these
requirements.

IX. CONCLUSION

A brief summary is achieved by remarking that we have developed Schwinger’s
theory to about the same extent that Feynman developed his theory in his Warsaw
lectures [5]. That is, we have a gauge covariant scheme for calculating skeleton
interactions and simple two-particle exchanges that satisfy probability
requirements. Can we extend our results to more complicated multiparticle
exchanges as DeWitt [6] has extended Feynman’s results? This is an interesting
question that deserves further attention.

APPENDIX

We will sketch the derivation of a well-known identity and adapt it to the
calculation of those functional derivatives used in this paper. Except for the
emphasis on the field 4, , our discussion follows that of Gupta [7].

The fact that Lagrange function

Lo/(—g/ = (1/2) g*1Ti T — Tl (A1)
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is invariant under linear coordinate transformations implies the identity

avuLg = 27TK'/‘M af\'h)\v _}‘ ﬂu./\K 8Vh/\K _'_ (7]w\ + 2hw\) aLlJ/ahu/\ > (A'z)

where
mhwr = 8L, [8(0,h,,). (A.3)

The use of this identity allows the quantity
T — nung —_ (1/2)[7Tu./\x 81']1)“( _|_ ,n.u,/\x a“’h,\,(] (A.4)

to be written as

™ = [88) 4 hX8) + b8\ SW,/Sh + &I RS + 'Ry}, (A.5)
where
R = (1/2) 7™ (. + 2h0). (A.6)
Now we form the quantity
Owr == pwv - g [Xuev o Fvon] — [§ 88 + A28y + hlS] W, /Oh,., (AT

where
P Tru./\K(SADhKV -— aAthn)

= .qu)tRuo —_ no/\Ruv (AS)
A A’

An alternative version of 8+ is:
6w = & [ (R + RY) + (RS + Ro) — MR + R (A9)
Evaluating RY from (A.6) and (A.1), and substituting in (A.9), we find that

0o = (12) 81— (g™ — osg + g — g (A.10)
By equating the two expressions for §#* in Eqgs. (A.7) and (A.10), and using Eq. (A.4)
for 7, we obtain
SW,fhy = L, — (Do Phy + 7o 01,]
B[S 4 Eem] — (b8 + h28y) SH, O,
+ (1/2) 8,0.[(—2)"* (g — ng™ + g — prg)] (A1)

When we apply the expansions in Eqgs. (115) to this identity we easily obtain the
functional derivatives of W/® and W®.
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