Appendix A

Functional integration

In this appendix we outline the basis of functional methods which are
employed in the text. Path integral techniques appear at first sight to be
rather formal and abstract. However, it is remarkable how easy it is to
obtain practical information from them. Very often they add insight or
new results which are difficult to obtain from canonical quantization.

A—-1 Quantum mechanical formalism

Before attempting to address the full field theoretic formalism we first
review the application of such techniques within the more familiar setting
of nonrelativistic quantum mechanics in one spatial dimension. Unless
otherwise specified we hereafter set A = 1.

Path integral propagator

Simply stated, the functional integral is an alternative way of evaluating
the quantity

sty = (wp, tylwiyty) . (L1)
This matrix element, usually called the propagator, is the amplitude for a
particle located at position x; and time ¢; to be found at position x; and
subsequent time ;. The propagator can also be written as a functional
integral

D(xg, tyaiti) = (xfle”

D(s by, ts) = /D[x(t)] (iSta(t)] (1.2)

where the integration is over all histories (i.e. paths) of the system which
begin at spacetime point x;,?; and end at x,t;. The paths are identified
by specifying the coordinate x at each intermediate time ¢, so that the
symbol D [z(t)] represents a sum over all such trajectories. The contribu-
tion of each path to the integral is weighted by the exponential involving
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the classical action

m .o

S[e(t)] = /t _tf at (242(0) ~ V (1) (1.3)

which, since it depends on the detailed shape of z(t), is a functional of
the trajectory.” Although the validity of the path integral representation,
Eq. (1.2), may not be obvious, its correctness can be verified by beginning
with Eq. (1.1) and breaking the time interval ¢t; —¢; into N discrete steps
of size e = (ty —t;)/N. Using the completeness relation

)
1 :/ dxn ’xn><$n| ;

.¢]

one can write Eq. (1.1) as

Da;,t;xi,ti:/ da:/ dx
Cptpant) = [ devo. [ do (1.4)

(oyle ™ zn_1) (zn_1le ey s) ... (z1]e M zg)

where o = x;, xx = xy. In the limit of large N the time slices become
infinitesimal, implying

2
iy —ie p—erV(z))
(zele ™ lwey) = (myle (2 |ze-1)

: (1.5)
_ eiiev(”)<l‘g’€7k§7m|l‘5_1> + 0(62)

Inserting a complete set of momentum states and introducing a conver-
2 . .
gence factor e " for the resulting integral over momentum, we have

2 00 D o ,
<$g‘e_“m‘ngl> = lim = elp(xe—xe_ﬂ—zﬁp /2m—kp
=0 ) _ o 2

— m ei%(xe—ﬂiz-ﬂQ )
2mie

* It is important to understand the difference between the concept of a function and that of a
functional. A real-valued function involves the mapping from the space of real numbers onto
themselves

(1.6)

Reals <— [f : Reals] .

On the other hand, a real-valued functional such as S [z(¢)] is a mapping from the space of
functions z(t) onto real numbers

Reals «— [S: z(t)] .
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Upon taking the continuum limit we obtain
D(zg,tyiait;) =

lim (m)N ﬁi /Z dxn] R (?W-em)) an

N—ooo \27i€e

It is clear then that we can make connection with Eq. (1.2) by identi-
fying each path with the sequence of locations (x1,...,xy_1) at times
€,2¢,...,(N — 1)e. Integration over these intermediate positions is what
is meant by the symbol [ D [z(t)], viz.

[reer=pn Ge) I o
n=1 77X

Each trajectory has an associated exponential factor expiS [z(t)], where
the quantity

Sle) =3 (mw—w >) (1.9)
x = ‘|5 5 Ty .

€
(=1

becomes the classical action in the limit N — co. We have thus demon-
strated the equivalence of the operator (Eq. (1.1)) and path integral
(Eq. (1.2)) representations of the propagator.” It is important to realize
that in the latter all quantities are classical — no operators are involved.
The path integral propagator contains a great deal of information, and
there are a variety of techniques for extracting it. For example, the
spatial wavefunctions and energies are all present, as can be seen by
inserting a complete set of energy eigenstates {| n)} into the definition of
the propagator given in Eq. (1.1),
o0
D(zy,tpimiti) = (g (a)e Frlis i) (1.10)
n=0

* For completeness, we note that by combining Egs. (1.5)-(1.8), one can also write the propagator
in a corresponding hamiltonian path integral representation

. d d dpn—1
D(xf,tf;xi,ti): lim /%dflﬁdl‘Qn-dwalT

N — o0
2
122\;1 (Pe(szzé—l)f(%‘f"/(ml))e)
X e
E/D[z(t)]D[p(t)]eifdt (pe—H(p,z))

This form is useful when one is dealing with non-cartesian variables or with constrained systems.
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In addition, other quantum mechanical amplitudes can be found by use
of the identity’

(wp tf] T (x(ty) ... x(ty)) |zi i) =
/D[w(t)] z(t) ... 2(t,) eif,ff dt( 2=V (=(t))) 7 (1.11)

where ‘T” is the time-ordered product.

External sources

An important technique involves the addition of an external source. In
the quantum mechanical case this is added like an arbitrary external
‘force’ j(t),

| K I tif dt[ 232 (1) -V (2(8))+i (t)z(1)]

(g, 1l b)) = /D[x(t) (1.12)

The amplitude is now a functional of the source j(¢). From this quantity
one can obtain all matrix elements using functional differentiation, which
can be defined by means of the relation

i) = / st —)j(t) =
and yields the result we seek,

(g, tp|T (x(tr) ... x(tn)) @i, ts) (
o 5" 1.14)
=9 5j(tr) ... 07(tn) (erotsleitidji li=o -

=6(t—t) (1.13)

For many applications it is necessary only to consider matrix elements
between the lowest energy states (vacuum) of the quantum system. This
can be accomplished in either of two ways. First it is possible to explicitly

T One can prove this relation by choosing a particular ordering, say
ty <tp <tag<...<ty ,

and noting that

(zptg|T (@(t1) .. a(tn)) |ws ti ) = (wp,tpla(tn)a(tn_1)...2(t1)|i, t;)
n %)
= H/ dry <xf7tf‘xnvtn> T (Tnotn|Tn—1,tn—1)Tn—1.. .21 (T1,t1|Ti,t5)
k=1Y —°°

where we have used completeness and have defined 2, = x(¢tx) (k = 1,2,...,n) . The amplitudes
(g, tk|Tk—1,tk—1) are simply free propagators as in Eq. (1.1), and can be evaluated by means
of the time-slice methods outlined above. Thus the above expression is identical to the right-
hand side of Eq. (1.11). In the case of a different time ordering the same result goes through
provided one always places the times such that the later time always appears to the left of an
earlier counterpart. However, this is simply the definition of the time ordered product and hence
the proof holds in general.
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project out this amplitude using the ground state wavefunction
(,]0) = po(x)e P! (1.15)

which implies
OIT ((ty) - .. (1)) |0) E/ dxf/ s ) €l

(g, tp|T (x(tr) ... z(tn)) |ai, ti) Yolxi) e Eoti
(1.16)
However, this amplitude can be isolated in a simpler fashion. If we
consider the amplitude (zy,tf|x;, ¢;) in the unphysical limit ¢ty — —i7y,
t; — +i7; we find for large 77 + 75,

<xf,tf\:ri,ti> — Z¢n($f)¢;:(x7) e En(Ts+7i)

(1.17)
Tf+r—i—>>oo oz )y () e Folrs+7i)
Generalizing, we have
. oiBolts—t:)
t{i%l;“ oz )iy (i) (g, b T (2(tr) ... 2(t)) |z, 1) .

= (O|T ((t1) . .. (tn)) |0)

which is operationally a much simpler procedure than Eq. (1.16).

The generating functional

We may combine all these techniques in the so-called generating func-
tional, defined by

Z)j] = thIPioo <xf7tf|xi7ti>j(t) : (1.19)
t;—+io0

This has the path integral representation

o ot (BP0 e)+0i0)

Z[j) = . lim D [z(t) (1.20)
fﬁfzoo
Noting that for ¢; = i7; and ty = —i7y,
(@ tylai, ti) = ol p)ig () e Polrrtm)  — Zjo] (1.21)

T4y Tf—00
we find that ground state matrix elements as in Eq. (1.16) can be given
in terms of the generating functional Z|j],

<0]T(x(t1)...x(tn))]0)—(—z')"Z%O] 5j(t1)'§7i5j(tn)2[jﬂj_o - (1.22)
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It often happens with path integrals that formal procedures are best de-
fined, as above, by using the imaginary time limits t — +ioco. However, in
practice it is common instead to express the theory in terms of Minkowski
spacetime. Thus, the generating functional will involve the real time lim-
its t — +00. Does the dominance of the ground state contribution, as in
Eq. (1.21), continue to hold? The answer is ‘yes’. At an intuitive level,
one understands this as a consequence of the rapid variation of the phase
e "Ent in the limit ¢ — co. The more rapid phase variation accompanying
the increased energy FE, of any excited state washes out its contribution
relative to that of the ground state. In a more formal sense, the real-time
limit is defined by an analytic continuation from imaginary time. To
properly define the continuation, one must introduce appropriate ‘ie’ fac-
tors into the Greens functions in order to deal with various singularities.
Beginning with the next section, we shall often employ the Minkowski
formulation and thus explicitly display the ‘i€’ terms in our formulae.

The prescription given in Eq. (1.22) represents a powerful but for-
mal procedure for the generation of matrix elements in the presence
of an arbitrary potential V' (z). Unfortunately, an explicit evaluation is
no more generally accessible via this route than is an exact solution of
the Schrodinger equation. In practice, aside from an occasional special
case, the only path integrals which can be performed exactly are those in
quadratic form. However, approximation procedures are generally avail-
able.

One of the most common of these is perturbation theory. Suppose that
the full potential V(z) is the sum of two parts Vi(z) and Va(x), where
Vi(x) is such that the generating functional can be evaluated exactly
while V5(z) is in some sense small. Then we can write

71j) =, tm_ [ Dl Hle’ Jo 20V 0) - Va (o) +2(0)i )]
t; —i00

efi fttzf dt Vs (*Z%(t)) A 7] 1

tfﬁfioo
t;—ico

- RS ()| 2

where
i Lf m a2 —Vi (z z(t)j
704 = lim_ [ D) e S alEEOVOR00] g o)
fr—ioo
t;—ico

is the generating functional for Vj(x) alone. Obviously Eq. (1.23) defines
an expansion for Z[j] in powers of the perturbing potential Va(z).
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A—2 The harmonic oscillator

It is useful to interrupt our formal development by considering the har-
monic oscillator as an example of these methods. This treatment turns
out to reproduce known oscillator properties with the use of functional
methods, which are very similar to corresponding field theory techniques.

It is most convenient to address the problem by employing Fourier
transforms,

2(t) = /_ h % P (E) | (2.1)
whereby for t; = —oo and ¢y = 400
o0 m mw?
SI [x(t)] = /_ dt (2;1':2(1:) — T952(75) - a:(t)y(t))

N /OO % BW ~W)R(B)H(~E) + LI (B)H(-E) + 13(—E)§:(E)}

o0
_ / dE {m(E2 — (B (—F) — —(E 1,3(-E>} .
oo 2m 2 _

(2.2)
with the definition #/(F) = #(E) + j(E)/ (mE? — mw?® +i€). An infin-
tesimal imaginary part ie has been introduced to make the integration
precise. Upon taking the inverse Fourier transform

2 (t) = /OO d—Ee*iEta?’(E) = x(t) +;/oo dt' Dt —t)j(t) , (2.3)

2
where
® JdE _. / 1 7 _—
Dt —t) = = Bty - v —iw|t 924
( ) /_OO o C E? —w? + e % ¢ 24
we have

7 [2(8)] = / h dt( #2(t) — m;2x’2(t)>

/dt/ v J(OD(E — 1))

Finally, changing variables from x(t) to z/(t) we obtain the generating
functional

(2.5)

oo m _mw2‘,L,/2
Z[ﬂZ/D[ t)] e ghe <2 i (t)>
y e,ﬁ 7 [T aviwpa—t)j) (2.6)

_ gjo)e 7 et [T iD=
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Note that the above change of variables has left the measure invariant
(/ Dlz(®)] = | D' @)

We can use this result to calculate arbitrary oscillator matrix elements.
Thus for to > 1, we have for the ground state

1 8zl
(OIT (2(t2)2(11))0) = (=i)? -
i D e*iw(tgftl) ’
= —D(ty—t)) = ———
m (¢ ) 2mw
which, in the limit to — t;, reproduces the familiar result
1
2
= . 2.
(012%0) = 5— (2.8)

Although only ground state expectation values have been treated thus
far, it is also possible to deal with arbitrary oscillator matrix elements
with this formalism by generalizing the operator relation

n) = — (a)"10) . (2.9)

where

at = W;w <x _ ip) (2.10)

mw
is the usual creation operator. First, however, it is convenient to use the
classical relation p = mi to rewrite the operator a' as

af = % (1 L d) O (2.11)

w dt

In a simple application, we calculate that

(Ola]1) = lim m‘"(l—; 8)<0|:c<t2>x<t1>o>

ta—t] 2 ot

0 1 52
~ lim (i)’ 7"“(1_1) LM
S GOS8 ) Z0sim)sen 2V

(2.12)

. mw i 0\ i

which agrees with the result obtained by more conventional means,

<0|x|1>:1/ﬁ<0| (a+a*)\1>:\/217w . (2.13)
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More complicated matrix elements can also be found, as with

2y = MW PON( 9 2
(1]z*1) = 5 tzlgItl_ <1+ 5 8t1> (1 5 (%2) (0]z(t1)z” (t)z(t2)]0)
t1—tt
G M me PON( O
- Z[O] t2~>t/111’,17511~>t+ ( 2 ) 1+ w 8151 1 w 8t2

54 '

mw (i\? i 0
=— | = lim -
2 <m> t2—>t—< w Ot >< )
t1—>t
3
x [D(ty = 12)D(0) +2D(ts = ) D(t — t2)] = —
(2.14)
which agrees with
)= o N (asal) 1) = -2
(1) = 5— <1\ (a+a ) (a+a ) !1> =5 (2.15)

In this manner, arbitrary oscillator matrix elements can be reduced to
ground state expectation values, which in turn can be determined from
the generating functional Z[j]. The ground state amplitude in the pres-
ence of an arbitrary source j(t) contains all the information about the
harmonic oscillator.

One should note the analogy of the above methods to those of quantum
field theory. The ‘one-particle’ matrix elements involving | 1) have been
reduced to vacuum matrix elements by use of Eq. (2.9). This is similar
to the LSZ reduction of fields. As a result, all that one needs to deal with
are the vacuum Green’s functions. The generating functional is ideal for
this purpose, as we shall see in our development of functional techniques
in field theory.

A-3 Field theoretic formalism

One of the advantages of the functional approach to quantum mechanics is
that it can be taken over with little difficulty to quantum field theory. An
important difference is that instead of trajectories x(¢) which pick out a
particular point in space at a given time, one must deal with fields p(x,t)
which are defined at all points in space at a given time t. Also, instead of
asum [ D [z(t)] over trajectories one has instead a sum [ [dp(x)] over all
possible field configurations. Nevertheless the analogy is rather direct.
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Path integrals with fields

The formal transition from quantum mechanics to field theory can be
accomplished by dividing spacetime, both time and space, into a set of
tiny four-dimensional cubes of volume t dx dy §z. Within each cube one
takes the field

90($i7yj72k7t€) (31)

as a constant. Derivatives are defined in terms of differences between
fields in neighboring blocks, e.g.,

Ol s onite % (@ (zis yjs 28, te + 6) — @ (ziy yjo 28, t0)) - (3.2)
The lagrangian density is easily found,
L(P, 04y s ote = L0 (@i yjs 20 t0) , Oup (i yj, 2o e)) 5 (3.3)
and the action is written as
S ~ Z dx0ydz0t L (o (x4, Y, 2is te) , Oup (xi, yj, 21, te)) - (3.4)
0,4kl

The field theory analog of the path integral can then be constructed by
summing over all possible field values in each cell

o
D~ H / dep (w1, Y, 2k, ) Sl yr,zrote), Oue(wiyj zite)] (3.5)
ik T
Formally, in the limit in which the cell size is taken to zero this is written
as

/ (dop(z)] €S19ta) dupla)) (3.6)

By analogy with the quantum mechanical case (c¢f. Eq. (1.18)), it is clear
that, since the time integration for S in Eq. (3.4) is from —oo to 400,
this amplitude is to be identified with the vacuum-to-vacuum amplitude
of the field theory,

©00) = N [ldp(o)] eS80 (3.7

Generally, quantum field theory is formulated in terms of vacuum expec-
tation values of time ordered products of the fields

G (z1, ... zn) = 0T (p(x1) ... p(x,)) |0) (3.8)

i.e., the Green’s functions of the theory. By analogy with the quantum
mechanical case, one is naturally led to the path integral definition

G (X1, . ) = N/ [dp(x)] (1) ... (p(xn)eis[“”(g”)’a“‘”(x)] , (3.9)
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where N is a normalization factor. Again we emphasize that all quantities
here are c-numbers and no operators are involved. In terms of a functional
representation, we then have from Egs. (3.7), (3.9),

J[do(@)] (1) ... p(ar) e S1P) D)

(n) —
G wy,...,2,) = [ ()] €57 9ur] . (3.10)

Generating functional with fields

These Green’s functions can most easily be evaluated by use of the gen-
erating functional

2l = N / ldip(z)]  (SW@ (@l [ ataj@iela) (3.11)
Functional differentiation for fields is defined by
d(y) 4
=Wz —y) , 3.12
==y (3.12)
which lets us obtain (c¢f. Eq. (3.9))
1 o"
G (21,...,2n) = (—i)" : m— 3.13
(1 )= (=) Z[0] 6j(x1) ... 65(xn) [ ]j:o (3.13)

As an example of this formalism consider the free scalar field theory

1 m?
L£LO(z) = ia,wa — 7902 . (3.14)

In general we have

ARITIEAR() Zg [H /oc dxy, j(xy)
k=1"7"%

n=0

G(”)(xl,xg, cenyTn) o, (3.15)

where the generating functional Z(0)[;] is given by

200 =~ [ gty ! ro(iere i)

There exist two common ways in which to handle the issue of convergence
for such functional integrals, i.e. to ensure acceptable behavior for large
©?. One is to give the mass to give the mass an infinitesimal negative
imaginary part, m?> — m? — ie. This is the approach we shall employ in
the discussion to follow. The second involves a continuation to euclidean
space by means of ¢t — —i7 wherein the functional integral becomes
(%au¢8u¢+%2@2>

0j0) = N / dp(@e 1 L 3
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and is now convergent due to the negative argument of the exponential.
Continuation back to Minkowski space then yields the desired result.
Integrating by parts, we have from Eq. (3.16)

N/ de) ¢t Pa[30@)00ple)—p(@)j()]
— N/ d(p/ e_f[fd4$ ' (2)0z ¢’ (2) +fd41'fd4yj(w)AF(J:—y)j(y)]
(3.18)
where O, = O, + m? — ie and
Ja) = pla) + [ dly Arlz = )i(w)
iAp(z —y) = / (;i’; eik~(xy)k2_ﬂi2+i€ 7 (3.19)

(O, +m*)Ap(z —y) = =0V (@ —y) .

Note that we have used invariance of the measure ([ [d¢] = [ [d¢']). Fi-
nally, we recognize a factor of Z(V[0] in Eq. (3.18), thus leading to the
expression

ZO01] = 2z [0]6*%fd“wfd“yj(x)AF(z*y)j(y) _ (3.20)

We can now determine the Green’s functions for the free field theory, e.g.,

A2 2
=20
ZO[0] 0 (1) (x2) j=0

4 4
200 I,
G® (:L'l,x ) (.:Eg,x4) + G(Q)(arl,xg)G(g)(xg,m)

(xl,x ) (xg,:v3) .

G(2)($1,$2) = = ZAF(xj — .rg) y

GW (&1, 9, 23, 24) =

(3.21)
More interesting is the case of a self-interacting field theory for which
the lagrangian density becomes

1 1
L(x) = 50upd"p — om*@® + Lin(0) = LO(9) + Lin(p) - (3.22)

The theory is no longer exactly soluble, but one can find a perturbative
solution by use of the generating functional

=N / do(z)] ¢ J 'z (£ @+ Lan(@)+i()e()
(3.23)

— Neifd4,f1; Lint (_L%(m)) Z(()) []] )
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As before, the Green’s functions of the theory are given by

G(n) (a:l, e ,:L‘n) =

n .
H 5.—2(5 ] eifd%cﬁim(fi%)z(o) i
§=0

(3.24)
For most purposes one requires only the connected portions of the

Green’s function, i.e. those diagrams which cannot be broken into two or

more disjoint pieces. This is illustrated in Fig. A—1 which can be found

by dividing the full Green’s function

G (zy, ... ) = 0T (p(x1) . .. o(z))]0) (3.25)

into products of connected particle sectors and dividing by the vacuum-
to-vacuum amplitude (0|0) in each sector.
Mathematically one eliminates the disconnected diagrams by defining

Z[j] = "l (3.26)

Then one can show that W[j] is the generating functional for connected
Green’s functions,

R AN ©o . .
iWj] :Zn'/ dl‘l.../ dwnj(xl)...j(xn)Ggo’I)m(ml,...,xn)

n=0
(3.27)
where

5”
G (@1, mn) = (—)" L —w . 3.28

A—4 Quadratic forms

The most important example of a soluble path integral is one that is
quadratic in the fields because, at least formally, it can be solved exactly.
Let us consider an action quadratic in the fields,

S = /d4x o(x)Op(z) (4.1)

Fig. A-1. Contributions to the four-point Green’s function in ¢* theory: (a)-(b)
connected, (c¢)-(d) disconnected.
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where O is some differential operator which may contain fields distinct
from ¢ within it. The general result for the quadratic path integral is
given by

— / (do@)le /2 PO — Nt O] 12 (42)

where det O is the determinant of the operator O. In order to prove this,
one can expand ¢(x) in terms of eigenfunctions of O,

p(x) =Y anpn() (4.3)
where ¢, (z) satisfies

Opp(x) = Appn(z) and /d4x On(T)om(T) = dpm - (4.4)

The sum over all field values can then be performed by summing over all
values of the expansion coefficients a,,,

g = N [H / dan] i ) S arnlo

- (4.5)
= NH/ da, e~Anan — N (det 0)71/2
where N, N’ are normalization constants and
det O =] (4.6)

n=1

denotes, as usual, the product of operator eigenvalues.

In general, some effort is required to evaluate the determinant of an
operator. One valuable relation, easily proven for finite dimensional ma-
trices and generalizable to infinite dimensional ones is*

det O =exp(trIn0O) . (4.7)
This trace now denotes a summation over spacetime points, i.e.
trInO = /d4$ (x| InO | x) , (4.8)

which is the most commonly used form in practice.

* For a discrete basis, this follows from the result

exp(tr InO) = epoln/\n = Hexp(ln An) = H)\" =detO ,

n n n

where \,, are the eigenvalues of the operator O.



482 Appendix A

Background field method to one loop

We can illustrate one use of this result by constructing an expansion about
a background field configuration (which satisfies the classical equation of
motion) and retaining the quantum fluctuations up to quadratic order.
Consider a scalar field theory with interaction Liy (¢(x)). We define @
as a solution to

(O +m?) p(z) — Ly (p(2)) = j(x) - (4.9)
Writing
p(x) = p(x) +dp(x) (4.10)
leads to the generating functional

20 = L (iSlp@)+i [ diaj(@)p()

/ [dd(p] eifd4z(%au5s«98“5¢f%(m?,q;t(@(gﬁ)))g@z) L (4.11)
where
m2
Slp(] = [ ato (30,000 0(0) ~ - a) + Lin (51a) )
(4.12)

Integration by parts gives
2[j] = (SP@Hi [ d'z s@i() / [ds] e~ J dade@Oadol®) (4 13

where
O, =0, +m* - L, (p(x)) . (4.14)

The functional integration can then be performed (c¢f. Eq. (4.5)) and we
obtain

Z1j] = const. (det 0,)~V/2 (ISE@IH [t i@e@) (4.15)

It is convenient to normalize the determinant somewhat differently by
defining

Op, =0, +m? . (4.16)
Then, suppressing the x subscript, we write
(det O)_l/2 = const. (det 00710)_1/2 , (4.17)
where
const. = (det 00)71/2 , (4.18)
and

0,0 =14+ ArLl, (¢) . (4.19)
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Using Eq. (4.2) we have
Z[j] = Ne [iS[p(@)]+i [ die j(@)p(x)—3 T m(1+ARL"(9))] . (4.20)

The generating functional for connected diagrams can now be identified
immediately as

Wil =Slel+ [ dte ja)pa) + 5 T bn 1+ Arc, (9)
- [ [ )P(e) + Lin (¢) — 5P(a )L{nt(—)] (4.21)

+ TI‘ In (1 + AFEIIlt (_))

The trace ‘Tr’ includes the integration over spacetime variables and can
be interpreted as follows,

T+ arh ()] = T3 0 (areh ()"
n=1
(Al ()] = [d's Ar - )L (e) . (422)
o [ArLh, (9) Artly (9)] = [d's [ d'y Apte =)L, (60)

x Ap(y — o) Li (P(2)) -

In this manner, one-loop diagrams containing arbitrary numbers of
Ll (p) factors are generated. The physics associated with this approxi-
mation can be gleaned from counting arguments. The overall power of i
attached to a particular diagram can be found by noting that associated
with a propagator and a vertex are the powers i and h~' respectively.
There is also an overall factor of i for each diagram. Then with the

relation
No. internal lines — No. internal vertices = No.loops — 1 ,

we see that this approximation corresponds to an expansion to one loop.
The classical phase generates the tree diagram ((’)(h0 )) contribution and
the determinant yields the one-loop (O(hl)) correction to a given ampli-
tude.

A—-5 Fermion field theory

Thus far, our development has been performed within the simple con-
text of scalar fields. It is important also to consider the case of fermion
fields where the requirements of antisymmetry impose interesting modifi-
cations on functional integration techniques. The key to the treatment of
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anticommuting fields is the use of Grassmann variables. Thus, while or-
dinary c-number quantities (hereafter denoted by roman letters a,b, .. .)
commute with one another,

[a,a] = [a,b] =[a,c]=...=0 , (5.1)

the Grassmann numbers (hereafter denoted by Greek letters a, f3,...)
anticommute,

{o,a ={a, B} ={a,y}=...=0 . (5.2)
It follows that the square of a Grassmann quantity must vanish,
P=p==...=0, (5.3)
and that any function must have the general expansion
fla) = fo+ fia, 9(a, B) = go + g1 + g2 + gza B . (5.4)
Differentiation is defined correspondingly via
d d d d
do_db _ _y B _da_ (5.5)
da df doo df
so that in the notation of Eq. (5.4) we have
daf dg
Y q) = = = gy — ) 5.6
dOé(a) fl ) dﬁ(a’ﬁ) g2 gz« ( )
Second derivatives then have the property
d2
=0 5.7
dada (5:7)

We must also define the concept of Grassmann integration. If we demand
that integration have the property of translation invariance

/daf(a) _ /daf(a+/3) , (5.8)

it follows that

/dam:o or /da:O. (5.9)

The normalization in the diagonal integral can be chosen for convenience,

/daa _1, /daf(a) _f (5.10)

Let us extend this formalism to a matrix notation by considering the
discrete sets a = {ay,...,a,} and @ = {ay,...,a,} of Grassmann vari-
ables. A class of integrals which commonly arises in a functional frame-
work is

Z[M]:/dan...daldan...dalemm . (5.11)
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As an example, the simple 2 x 2 case is calculated to be

Z[M] = /da2 day dogdoy [1 4 ia; M;jo

(5.12)
+ Qoayana (Myy Mag — Mya Moy )]
Only the final term survives the integration, and we obtain
Z[M]=det M . (5.13)

This result generalizes to the n x n system [Le 82| yielding essentially the
inverse of the result found for Bose fields,

Z [ M)permi = /d@" ...day day, ... doe ™ = det M |
(5.14)
Z|M|Bose = /da:l ...da} day, ... daje”" M o (det M)

~ We can now extend this formalism to the case of fermion fields 1 (z) and
¥ (x). Since such quantities always enter the lagrangian quadratically, the
functional integral can be performed exactly to yield

Z[0] = / (dy) [d] & ] rP@0vE) — N geto (5.15)

The remaining development proceeds parallel to that given for scalar
fields. Given the free field lagrangian density

Lo (b,¢) = 9(x) (i —m) ¢() (5.16)

the generating functional for the noninteracting spin one-half field be-
comes

Z[n, 7] = / (do) [di] ¢ J [ B@) 0w @A) )] (5.17)

where O, = i@, —m-+ie and 7(x), n(z) are Grassmann fields. Introducing
the change of variables

wwo:wm—/ﬁ%SAawmm,

o 4 )
3(@) = $(z) - /dyn(ﬁﬂ%) , 5
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we find that an alternative form for the generating functional is

Z[n,7] = / [dy] [d] i [ e (@)0av (0)=i [ d* [ dbyn(a)SF (zy)n(z)

)

_ Z[O, 0]6—2'f(141‘fd4y77(:v)SF(:L',y)'r/(:L') )

(5.19)
Thus the generating functional for connected diagrams is
Winil =~ [ale [ dya@sen) . 620
and the only non-vanishing connected Green’s function is
W
G (@1, 29) = (i) ——~——

U i
= — —ik(wr—w2) "
Sr (w1, 2) / (27r)4e ¥ —m 4+ ie

which is the usual Feynman propagator.

A—-6 Gauge theories

For our final topic, we examine gauge theories within a functional frame-
work. We shall employ QFED as the archetypical example, for which the
action is

1 1
S[Alt] = _1 /d4$ F‘IWFHV = 5 /d4m (AII,DxAM - Allaga;Au)
(6.1)

2

where the second line follows from the first by an integration by parts
and

_! / d*z A0 A, |

oW = gD, — 91 . (6.2)

In the presence of a source j,, the generating functional is then
Z[j,) = N / [dA, ! SWul i [ dte juar (6.3)

Due to the bilinear form of Eq. (6.1), it would appear that one could
perform the functional integration as usual, resulting in

Z[j,) = Z[o]e*%fd4$fd4y P @DEu @I W) (6.4)
where the inverse operator Dp,, (x,y) is defined as

0¥ Dpy(w,y) = 6250 (@ — ) (6.5)
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However, this is illusory since the inverse does not exist. That is, acting
on Eq. (6.5) from the left with the derivative 05 yields

0 X Dy (z,y) = 026W(x —y) | (6.6)

implying that Dp,, must be infinite. An alternative way to demonstrate
that O%" is a singular operator is to observe that

OM o =0 . (6.7)

Thus any four-gradient 9%« is an eigenfunction of O%" having eigenvalue
zero, and an operator having zero eigenvalues does not possess an inverse.

Gauge fixing

The occurrence of such a divergence in the generating functional of a
gauge theory can be traced to gauge invariance. For QFED, any gauge
transformation of vector potentials (cf. Eq. (II-1.3)),

Ay () > Al(z) = Ay(z) + éaua(a:) , (6.8)
leaves the action invariant,
S[A) ()] = S[Au(z)] - (6.9)

If we partition the full field integration [dA,] into a component [dA,]
which includes only those configurations which are not related by a gauge
transformation and a component [da] which denotes all possible gauge
transformations, then we have

/ [dA,] /S14u] — / (A, Sl / lda] . (6.10)

But [[da] is clearly infinite and this is the origin of the problem. The
solution, first given by Faddeev and Popov [FaP 67|, involves finding
a procedure which somehow isolates the integration over the distinctly
different vector potentials A,(z). In order to understand this technique,
we shall first examine a finite-dimensional analog [Ra 89].

Consider the functional

N 00
Z[A] = [H / d] e T (6.11)
=17~

where A is an N x N matrix. Suppose that A is brought into diagonal
form AP by linear transformation R,

AP =RAR ' . (6.12)
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Letting ¥ = RZ denote the coordinates in the diagonal basis, we have

" yrAD al 24D

Z[A] = H/dyz Q_Zk”yk e H/d?/z eizkyk/‘kk
i=1 i=1

al T \'? N/2 -1/2
i=1 it

Suppose that the last n of the IV eigenvalues belonging to A vanish. The
exponential factor in Eq. (6.13) is then independent of the co-ordinates
YN—n+1,---,yn and the corresponding integrations fdyN_nH ... fdyN
diverge. This is reflected in the vanishing of detA, and causes the quan-
tities in Eq. (6.13) to diverge. The infinity is removed if the integration is
restricted to only variables associated with nonzero eigenvalues, in which
case we obtain the finite result

N—n

11 / dw] i (6.14)
i=1

It is possible to express Z/[A] as an integral over the full range of
indices 1 < i < N by defining variables

Sy (1<i<N-—-n),
" | arbitrary (N—-n+1<i<N) ,

and writing for the generating functional

N
ZI[A] = [H / dzi] SN mit) - S(zy)e 2mrat@AA@) 6 g6y
i=1

(6.13)

ZI[A] = [

(6.15)

Upon tranforming back to an arbitrary set of coordinates {z;}, we obtain
the useful expression

N N
0z . - Tr AT
ZI[A] = [H/da:i] det | = II 6G@) e 2o meAm (6.17)
i=1 j=N-n+1

Let us now return to the subject of gauge fields, broadening the scope
of our discussion to include even nonabelian gauge theories. By analogy,
corresponding to the variables zy 11, ..., 2y will be the gauge degrees of
freedom and the prescription of Faddeev and Popov becomes for generic
gauge fields Aj(z),

zr=1] / [dA T 6(Gu(A7) det |6Gy/dag| ™0 (6.18)
a b=1

where the {a,} are gauge transformation parameters (cf. Sect. I-4) and
the {Gy(A})} are functions which vanish for some value of A% (x). Since
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the {G}} serve to define the gauge, such contributions to the generating
functional are referred to as gauge-fizing terms. The variation 0Gy/day
signifies the response of the gauge-fixing function G to a gauge transfor-
mation parameter ay,.

For any gauge theory, there are a variety of choices possible for the
gauge-fixing function G. In QE D, one defines the azial gauge by

G(A,) = n A" (6.19)

where n, is an arbitrary spacelike four-vector. Due to the presence of the
four-vector n#, one must forego manifestly covariant Feynman rules in
this approach. Thus, one often employs a covariant gauge-fixing condition
such as

G(A,) =0"A, - F (6.20)
where F' is an arbitrary constant. Under the gauge transformation of
Eq. (6.8), we find

G(A,) - G(A,) +0Oa (6.21)
so that
0G/da =0 . (6.22)

Referring back to the general formula of Eq. (6.18), we see in this case that
det [0G/da| is independent of the gauge field and thus may be dropped
from the functional integral. The QED generating functional then be-
comes

2 = N [1dA) 60" A, — F) ] AP0z sty

_ N / (a4 (bADa a0

~% [diz [dty jx(@) DY (@y)iv (v)

(6.23)
Note that, as promised, this result is finite and leads to a photon propa-
gator in Feynman gauge

Dl}/rA(l',y) _ 1 .522[]./,,] ‘ = —i/ d4q e_iq'(x_y) gu/\-
Z10] 0y (x)djx(y) » (2m)* q? + ie

(6.24)

The result is independent of the choice of F'. Consequently, even if the

constant F' is evaluated to the status of a field F'(x), one can functionally

integrate over F'(x) with an arbitrary weighting factor since this will only

affect the overall normalization of the generating functional. A common
choice is

/ [AF] 6(0" A, — F(z))e %€ ] @' F20) — omoe [ s @"40)% (g 95)




490 Appendix A

where £ is a real-valued parameter. In this case, the generating functional
becomes

2l = N [laa,] o[BI 0O ) 3)

The integrand of the above spacetime integral can be regarded as the
effective lagrangian of the theory, and the gauge-fixing term appears as
one of its contributions. At this point, the functional integration can be
carried out with impunity to obtain

Z[] ] — Z[o]eféfd%?fd‘ly ,7u(95)D;V(177l/)ju(y) , (627)
where D}ﬂ" is defined as
(O.9" — (1 — € H010Y) Dpoa(z —y) = 846D (z —y) . (6.28)

We find in this way the form of the photon propagator in an arbitrary
gauge, as appearing in Eq. (IT-1.17).

Ghost fields

In the path integral formalism, if the generating functional can be written
in purely exponential form, then one can read off the lagrangian of the
theory from the exponent. However, the general formula in Eq. (6.18) for
a gauge-fixed generating functional contains a seemingly nonexponential
factor, the determinant factor det|dG,/da,|. A fruitful procedure, due
to Faddeev and Popov, for expressing the determinant as an exponential
factor is motivated by the identity (cf. Eq. (5.15)),

det M = N / ldel[da] eMe (6.29)

where ¢, ¢ are Grassmann fields. This identity suggests that we replace
the determinant factor with an appropriate functional integration over
Grassmann variables.

For QFED, the generating functional can then be written in the concise
form

2l = N [ laa a2 An(Or =00 VS0 D)

(6.30)
As pointed out earlier, for this case the integration over ¢, ¢ yields only
an unimportant constant and may be discarded. However, for nonabelian
gauge theory Eq. (6.30) generalizes to

Z1jul = / [T12A%)(dcae’) o | e [LIAR R AL+ Myect =2 3, F2(AD)]
a,b,d
(6.31)
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where repeated indices are summed over. The quantities
6Fy(Aj)

(SO{C
will generally depend upon the fields Aj, themselves. Thus, the fields
{ca},{cCu} will appear as degrees of freedom in the defining lagrangian of
the theory. However, although coupled to the gauge fields Aj; through
cMe¢, they do not interact with any source terms and therefore can only
appear in closed loops inside more complex diagrams.* Since these Grass-
mann quantities are unphysical, they are often called Faddeev-Popov ghost
fields. They are scalar, anticommuting variables which transform as mem-
bers of the regular representation of the gauge group, e.g. for the gauge
group SU(n), there are n? — 1 of the {c,} and {¢,} fields.

To complete the discussion, let us determine the ghost-field contribu-
tion to the QCD lagrangian. We choose F}, = 8MA2‘ and note the form of
a gauge transformation (c¢f. Egs. (I-5.12),(1.-5.17) with ¢, infinitesimal),

Mbe = (632)

1
A’g — Agt = Ag + gauab - fbaeAgae : (633)

Then we find from a direct evaluation of 9F; /0« followed by the rescaling
—93 1ec — cc,

Egh = _Ebau [5beay - g?)fbaeAZ}Ce . (634)
Upon performing an integration by parts in the first term and relabeling

the indices in the second, we obtain the ghost contribution to the QCD
lagrangian of Eq. (I1-2.25).

Problems

1) The van Vleck Determinant
The semiclassical approximation to the propagator (valid as i — 0)
can be derived by expanding about the classical path. Writing
x(t) = za(t) + dz(t)
we have

525 §z(t')

D(ws s, t;) = Sl / Dlsz(t)]e? J M O sy

)

where
2S (P PVzat)] ,
s = (om+ oty ) 500

* Such loops must include a multiplicative factor of —1 to account for the anticommuting nature
of these variables.
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and we have dropped the term linear in dz(¢) by Hamilton’s condition.
Performing the path integration we have then

=

D(xg,t;miti) = N |det 5278 . eiSlra(t)]
A 52 (1)0x (1) ’

where N is a normalization constant and the quantity inside the square
root is called the van Vieck determinant.
a) Show that this can be written in the form

o] - [

Hint: The following argument is hardly rigorous but leads to the
correct answer. Write

D(zg, tp iz ty) = Axg, zity — ti)eisd(xf’x“tf*ti)
and use completeness to show that at equal times
My —x) = D(xyg, tiszi, ;) =
/dm A(xf,x;T)A*(aci,J:;T)ei(sd('rf’ng)*SCl(‘“’x"T)) ,
where T' is an arbitrary positive time. Now define p(z;,z;T) =
0Sa(xi, x;T)/0x; so that
Sa(zp,z;T) — Salxi, x;T) ~ (xf — ;) p(xi, x;T) .

Finally, change variables from = to p and compare with the free
particle result to obtain

1 828, T/ 2

Alzp @i T) = [271'2 O ;0

b) Show that
g
Sa(xf,xi;T) = —-ET +/ dz+/2m(E — V(x))
2

and verify that

[1 &Sa ] _ m :
2mi Quydx;| | 2mida(ty)da(ts) [,7 do ig®(x)
Hint: Recall that ¢ is an independent variable, so that

oo
_a’Ef _8ti ’
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We thus have the result for the semiclassical propagator
1/2

m .

D(zy,tr;zit;) = el
(gt ) 2miga(t)da(ty) [1 da @5’ ()
which is identical to that found from W K B methods.
2) Propagator for the Charged Scalar Field

The lagrangian density for a charged scalar field ¢ of mass m and

charge e in the presence of an external (c-number) potential A, is

i

L= D'o*Dyp —m’¢p p

where D, = 0, +ieA, is the covariant derivative.
a) Show that the full Feynman propagator,

D' z) = J1dg][de*)( it £

f@@ef’c ’

can be written as
Dp(z';z) = —i(a;’](D“DM +m?— ie)*1|x>

Suggestion: This is a quadratic form. Use the generating func-
tional to integrate it.
b) By expanding Dr(z’;x) as a power series in A,(x), show that an
alternative representation for the propagator is
o0
Dp(x';z) = (@] | ds e is(P"Dutm?=ic)| 1
0
3) Functional Methods and ¢* Theory
Consider a scalar field theory with the self-interaction

A

a) Show that the generating functlonal can be written as

Z[j] = N ‘wf e (WZ)) 3 [da [ dby j@)ide(@y)ily)

where the free field Feynman propagator iAp(x,y) is as in Eq. (C—
2.12).

b) Evaluate the two-point function to O(A\?). Associate a Feynman
diagram with each term of this expansion and separate the con-
nected and disconnected diagrams.

c) Calculate the connected generating functional via

Wljl = Wolj] —i In [1 1 e~ WOl ( iy [t 5J4(Z) _ 1) W(O)[J‘]]
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where
WO = % / d / dYy j(2)iAp(z, )i (y) -

d) Compare the connected diagrams found in parts (b) and (c).



