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’ INTRODUCTION

Colloidal hollow nanoparticles (NPs) have become a focal
point of study in the fields of medicine, chemistry, and material
science for their low density, large surface-to-volume ratio, low
refractive index, and controllable shell porosity and cavity
volume.1 With the help of manifold self-assembly techniques,2�4

dispersed colloidal NPs can self-assemble into a variety of
ordered architectures: 2D monolayer arrays,5�7 3D multilayer
close-packed arrays,5,8 and 3D colloidal crystals.9 These hollow
NPs and NP arrays have found a wide range of applications in
drug/gene delivery,10 diagnostic imaging,11 catalysis,12 photonic
band gap materials,13 nanoelectronics,14 and magnetic storage.15

In fulfilling the diverse application functions, the stability and
mechanical properties of NPs and NP-based devices are of great
importance. Regarding the mechanical properties of individual
NPs, Fery and Weinkamer16 gave a thorough review of the mea-
surement of mechanical properties of individual hollow micro-
and nanoparticles under a single-particle compression test. Re-
cently, Zhang et al.17 studied the elastic properties of single silica
NPs by using atomic forcemicroscopy (AFM) and found that the
Young’s modulus of the silica particle shell is highly related to the
annealing temperature.18 Through the in situ compression of an
individual nanocrystalline hollow CdS sphere, Shan et al.19 found
that the hollow NP is capable of withstanding extremely high
stress and strain approaching the ideal shear strength of CdS.
However, few studies have been conducted on the collective

mechanical properties of 2D and 3D NP arrays. Sanders and
Gibson20 conducted a detailed finite element study on the mech-
anics of hollow sphere foams. Mueggenburg et al.21 studied the
elastic properties of a free-standing 2D composite array composed
of a large volume fraction of close-packed solid gold NPs sepa-
rated by short spacer molecules by using AFM indentation, which
revealed the combination of high tensile strength and bending
flexibility of the gold nanocrystal monolayers. To the best of our
knowledge, the study of themechanical response and properties of
2D hollow NP arrays remains unexplored. Because of their low
density, these hollowNP arrays could find potential applications in
constructing lightweight nano/microstructures. They may also be
used as efficient energy dissipators upon impact or blast loading.22

Here, the mechanical response of a model system, a 2D
nanostructured film composed of a monolayer of close-packed
hollow silica nanoparticles (HSNP), is investigated during nano-
indentation, which allows for a detailed assessment of the indivi-
dual contributions of particle geometry and material properties
with respect to the overall film response. Finite element analysis
alongside analytical models is employed to model the experi-
mental results. Our approach follows two lines. First, the non-
linear indentation force�displacement curves are analyzed by
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ABSTRACT:We explore the collective mechanical behavior of
monolayer assemblies composed of close-packed arrays of
hollow silica nanoparticles using a spherical nanoindentor.
Seven types of well-defined hollow nanoparticles are studied
with their radii ranging from 100 to 300 nm and shell thickness
ranging from 14 to 44 nm. Micromechanical models reveal the
underlying deformation mechanisms during indentation, where
the consecutive contacting of the indentor with an increasing
number of nanoparticles results in a nonlinear increase in the
indentation force with penetration depth. Each contacted
hollow nanoparticle successively locally bends, flattens, and then locally buckles. The effective indentation modulus of the
monolayer film, which is obtained by a Hertzian fit to the experimental data, is found to be proportional to the elastic modulus of the
nanoparticle shell material and scales exponentially with the ratio of particle shell thickness t to radius R to the power of 2.3.
Furthermore, we find that for a constant film density with the same t/R of the constituent nanoparticles, smaller particles with a
thinner shell can provide a higher effective indentation modulus, compared to their larger diameter and thicker shell counterparts.
This study provides useful insights and guidance for constructing high-performance lightweight nanoparticle films and coatings with
potential applications in tailoring stiffness and mechanical energy absorption.
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the Hertzian contact model,23 which neglects the particular
structure of the colloidal monolayer and yields an effective
response of the particle ensemble to give an indentationmodulus
to compare with other coatings. In a more detailed analysis, a
consecutive contact model is introduced to uncover the mechanics

of indentation on particle arrays. Because the relevant geome-
trical features such as the particle radius and shell thickness are
determined independently by transmission electron microscope
(TEM) observations and the indentor radius Rd was specified by
the manufacturer and measured by optical microscopy the only
adjustable parameter, the elastic modulus of the single HSNP,
can be extracted when fitting the experimental indentation
force�displacement curves of HSNP arrays with the model.
This model has been adopted from models of the indentation
behavior of vertical arrays of straight24,25 and coiled carbon
nanotubes,26 which have recently been studied to understand
the collective behavior of nanotube forests and determine the
elastic properties of a single nanotube.24

’RESULTS AND DISCUSSION

The nanoindentation on a HSNP array is schematically
illustrated in Figure 1a, where a scanning electron microscope
(SEM) image of amonolayer of hexagonally close-packedHSNPs
on a silicon substrate is shown in Figure 1b. In this study, seven
different HSNPs spanning a size ranging from about 100 to
300 nm in midsurface radius R and shell thickness t ranging from
14 to 44 nm are investigated. The standard deviation of the
particle diameter and the shell thickness ranges from 1 to 4% and
from 3 to 10%, respectively. TEM images of three HSNPs are
shown in Figure 1c. The preparation of the HSNP films and the
nanoindentation experiment are described in Sections I and II of
the Supporting Information. The collective mechanical response
of the HSNP films is probed via a spherical indentor with a radius
of Rd = 10 μm, which is about 40�90 times larger than the radius
of the constituent HSNPs.

Figure 1. (a) Schematic illustration of nanoindentation on a 2D
periodic monolayer of close-packed HSNPs using a spherical indentor
with a tip radius of Rd = 10 μm. (b) SEM image of the particle array.
(c) TEM images of individual constituent HSNPs with different midsur-
face radii R and shell thicknesses t.

Figure 2. (a) Three representative averaged nonlinear f�p curves (—) of nanoindentation onHSNP arrays with different particle geometries. The inset
shows the fit of experimental curves with a Hertzian model (9). (b) Effective indentation modulus of the HSNP films plotted as a function of the
constituent particles’ thickness to radius ratio. (c�e) SEM image of particle arrays of (110 nm, 20 nm), (233 nm, 14 nm), and (268 nm, 36 nm) after an
indent, which slightly exceeded the fitted range. The dotted white circle indicates the theoretical area of contact of a 10 μm indentor at the specified
penetration depth.
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Effective Indentation Modulus of HSNP Films. Figure 2a
shows three representative averaged experimental indentation
force�penetration depth curves (f�p curves) for HSNP arrays
with their constituent radius and shell thickness pairs (R, t):
(110 nm, 20 nm), (233 nm, 14 nm), and (268 nm, 36 nm). TEM
images of these particles are given in Figure 1c. Multiple (six to
nine) nanoindentation tests were conducted at different locations
for each HSNP array; the averaged indentation f�p curves are
shown in Figure 2a. For reasons of clarity, we show only three ave-
raged curves out of the seven particles under investigation (Figure
S1, Supporting Information). The spread in the experimental data
is attributed to several factors that lie in the particle and film
preparation and also in the indentation experiment. Whereas the
geometry of the HSNPs is well-defined and narrowly distributed,
the porosity of the shell is less controllable because of its Stoeber
condensation process.27 In particular, very thin shells (∼15 nm)
feature rough surfaces composed of silica nanoparticles (potential
failure-inducing defects) that become smoother and more homo-
geneous for thicker shells. The colloidal monolayer assembly pro-
cess features highly ordered arrays that show line and point defects
(Figure 1b). Such defects change the environment contacted by the
indentor tip and thereby the resistive force. The tip geometry can
also be altered throughout the course of an experiment by the
unavoidable adhesion of cracked spheres to the indentor. Finally,
we applied a preload (2μN) to the tip to contact theHSNP array to
determine the starting point, which therefore varied slightly from
spot to spot. Despite these experimental issues, all f�p curves
feature the same trend of a nonlinearly increasing force as the
penetration deepens.We focus on the collective elastic deformation
of NP arrays that occurs prior to any fracture event. For spherical
nanoindenation on an elastic, isotropic, and homogeneous film, the

relationship between the indentation force f and penetration depth
p is given by the classical Hertzian contact model23

f ¼ 4Eind
3ð1� ν2Þ Rd

1=2p3=2 ð1Þ

where Eind is considered to be the effective elastic indentationmod-
ulus of the array. In this case, the monolayer of the HSNP array is
approximated as a homogeneous film that reflects the collective
stiffness of the HSNP film. ν is the Poisson ratio of the film and is
assumed to be 0.17, a value that has been reported for porous silica
monoliths prepared similarly to the silica shell in this case.28 By
fitting the averaged experimental f�p curves with eq 1 as shown in
the inset of Figure 2a, the effective indentation modulus Eind of the
HSNP films can be extracted. As mentioned earlier, a preload of
2 μN was applied to the film prior to the indentation experiment,
which correspondingly indented the particle film. In the fit, this
preload was accounted for by offsetting eq 1 such that f(0) = 2 μN.
Because of the simplifications of the Hertzian model, the extracted
E modulus is not taken to be an intrinsic property. Whereas the
constituting material �SiO2� remains fairly constant among the
different samples, the geometry and density change significantly.
Therefore, one should rather consider this modulus to be a kind of
mechanical stiffness of the film. Indeed, when plotting Eind versus
its actual constituting geometry (aspect ratio t/R), one finds an
unambiguous dependence (Figure 2b). Eind varies systematically
from 60 to 700 MPa for the seven types of HSNPs under investi-
gation, which demonstrates the great influence of individual particle
geometry and silica shell microstructure on the overall stiffness of
the HSNP film. The extracted indentation modulus is in the range
of a solid polymeric material and higher than the value for polymer

Figure 3. (a) Normalized f�p curve for a monolayer of close-packed HSNPs with t = 22 nm, R = 243 nm (t/R = 0.09), and E = 5 GPa computed using finite
element simulations. The total force is the superposition of the indentation forces from six successive contacts. The inset shows one-sixth of the whole structure
with the particle contact sequence. (b) f�p curves of individualHSNPs in each successive contact fromFEMsimulation (curveswith symbol) and theory (eq 2,
straight black dashed lines). (c) Top-view contour of the maximum principal stress σmax normalized to E at

p/R = 0.6 (left) and the side view of the deformed
configuration (right). (d�g) Cross sections through four representative deformed conformations at various indentation depths of a single particle marked in b.
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foams.29 The SEM images in Figure 2c�e show that even for
indents of up to p/R ≈ 0.6 only a few particles underwent
permanent deformation and cracking. The majority of the particles
within the dotted white circle, which indicates the total area
contacted by a 10 μm radius indentor at the specified penetration
depth, remains unchanged. Therefore, the majority of the particles
underwent only elastic deformation, which justifies the fitted range
of the experimental results.
There are several key questions regarding the indentation

behavior: what are the mechanisms underlying the highly non-
linear f�p curves of HSNP arrays under nanoindentation? How
can the relationship between the effective film indentationmodu-
lus and its constituent HSNP geometry and material properties
be quantified?What are the implications for guiding the design of
HSNP films with high performance?
Deformation Mechanism of Indentation on HSNP Arrays.

To reveal the underlying mechanics and provide more detailed
insight into the deformationmechanisms of indentation onHSNP
arrays, the indentation process is modeled using the finite ele-
ment method (FEM), as specified in Section II of the Supporting
Information and then is analytically formulated using a conse-
cutive particle contact model.
Owing to the symmetry of the hexagonally close-packed array,

a simplified finite element model is built with a 1/12 monolayer

array with symmetric boundary conditions (a 1/6 model is shown
for better visualization in the inset of Figure 3a). Figure 3a shows
the simulated, normalized f�p curve with dimensionless force
f = f/Et2 and penetration depth p = p/R for the case of an HSNP
film with a constituent particle size (t = 22 nm, R = 243 nm,
and t/R = 0.09) and a Young’s modulus of the particle shell of
E = 5 GPa. This particular value of the modulus E was chosen on
the basis of the experimental findings, which will be discussed
later. The normalization factors, Et2 and R, are chosen on the
basis of the analytical model, which will be introduced below.
During the penetration, the HSNPs consecutively contact

the indentor with the contact sequence shown in the inset of
Figure 3a. The total indentation force (the black solid line) is de-
composed into six successive sets of interactions (labeled with
open symbols) between the indentor and particles, where multi-
ple contacts occur simultaneously after the first contact. The in-
creasing number of HSNPs in contact with increasing penetra-
tion depth results in the highly nonlinear behavior of the f�p
curve. The f�p curves of individual HSNP during each consecu-
tive contact can be extracted as shown in Figure 3b, where the
force increases nonlinearly with penetration depth.
When the indentor successively encounters the HSNPs, each

particle deforms in a three-stage process. Figure 3c shows the
top and side views of the deformed particle array at p/R = 0.6.

Figure 4. (a) Top view of the 1/12 symmetric model with contact sequence i. (b, c) Comparison between FEMand the theoretical model forHSNPwith
different t/R values but the same E = 5 GPa as well as for HSNPs with different E values but the same t/R value (

t/R = 0.075). (d) Theoretically predicted
effects of the indentor radius on the f�p curve for particles (243 nm, 22 nm)with the indentor radiusRd ranging from 5 to 15μm.At the same normalized
indentation depth p/R, different numbers of total particles are contacted, leading to an increase in the loading force with increased indentor radius.

D
ow

nl
oa

de
d 

by
 U

N
IV

 O
F 

M
A

SS
A

C
H

U
SE

T
T

S 
A

M
H

E
R

ST
 o

n 
Se

pt
em

be
r 

14
, 2

01
5 

| h
ttp

://
pu

bs
.a

cs
.o

rg
 

 P
ub

lic
at

io
n 

D
at

e 
(W

eb
):

 J
ul

y 
28

, 2
01

1 
| d

oi
: 1

0.
10

21
/la

20
18

11
7

http://pubs.acs.org/action/showImage?doi=10.1021/la2018117&iName=master.img-004.jpg&w=466&h=333


10496 dx.doi.org/10.1021/la2018117 |Langmuir 2011, 27, 10492–10500

Langmuir ARTICLE

In the FEM simulation, the bottoms of the particles are firmly
fixed to the substrate. Such a constraint prevents the formation of
dimples on the bottom and breaks the symmetry of deformation.
This also resembles the experimental situation in which the
particles are fixed to the substrate by the combustion of the sacri-
ficial core after assembly on the wafer. The strong contact be-
tween the spheres and substrate can be inferred from Figure S4
(Supporting Information), where small pieces of the bottom
center parts of the silica shells reside on a hexagonal lattice even
after a full indent. The structural deformation occurring on the
particle’s top is similar to the deformation during a planar plate
compression because of the relatively larger indentor radius
(Rd/R ≈ 40�90).30,31 The three-stage deformation process of
a single particle with increasing penetration depth is shown in
Figure 3d�g. Stage I is the small deformation regime with a
penetration depth on the order of the HSNP’s shell thickness
(Figure 3d), where the force grows linearly with penetration
depth as seen in the extracted f�p curves of individual HSNPs in
Figure 3b. This initial contact loading can be reasonably approxi-
mated as a point load, where the particle deflection p can be
expressed in terms of the indentation force f and particle material
properties:32,33

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ν2Þp

fR

2Et2
� 12ð1 þ νÞ2f
π2ER

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ν2Þp ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ν2Þp

fR

2Et2

ð2Þ

The second term in eq 2 is the displacement caused by the
interactions with six surrounding particles, the value of which is
less than 1% of the first term for t/R < 0.1 and thus can be
neglected. Stage II is a transition from stage I (i.e., point contact)
to stage III (i.e., circular ring contact), where the particle becomes
flattened to form a circular disk contact (Figure 3e, and the inden-
tation force starts to deviate from the point model as shown in
Figure 3b). With further increases in the penetration depth, local
buckling occurs, which is characterized by a sharp reduction in the
slope of the individual particle f�p curve. The critical buckling
indentation force fcr scales as fcr ≈ Et3/R (Figure S2), which
agrees with the scaling law in Pogorelov.34 From Figure 3f, it can
be seen that the contact region bends inward to form a dimple,
which leads to the transition of the contact condition from a
circular disk contact to a ring contact. The stress is highly concen-
trated in the concentric striped ring area as observed from the
maximum in-plane principal stress contour in Figure 3c. This
stress promotes circumferential cracking for the case of a brittle
material such as the silica material when reaching a critical stress
level. Circumferential cracking has indeed been observed in our
samples for penetration depths larger than the range under
consideration here (Figures 2e and 5d). The deformed shell
conformation shows that the contact ring radius enlarges and is
accompanied by the deepening of the dimple (Figure 3g).
On the basis of the deformation mechanics of a single HSNP,

the total indentation force produced by the array can be predicted
using a model that captures a consecutive set of elastic indentor�
particle contacts. We note that simulations showed that the rela-
tive location of the indentor positioned over a particle array had
little effect on the f�p curve (Figure S3 in the Supporting Infor-
mation). Hence, in what follows, the reduced symmetry model
shown in Figure 4a, 1/12 of a whole hexagonally close-packed
monolayer, is used. The superposition of the penetration force

fi from each particle i gives rise to the total indentation force f

f ¼ ∑
n

i¼ 1
Rifi,Ri ¼

0 when p e pi
1 when p > pi

(
ð3Þ

whereRi is equal to 1when the indentor encounters the ithHSNP
at a certain penetration depth pi; otherwise, Ri = 0. pi is the
displacement along the Z axis at which the indentor encounters
the ith HSNP; n is the total number of particles in contact. For a
small deformation (p e 2t), from eq 2 fi can be expressed as

fi≈kðp� piÞ with k ¼ 2Et2

R½3ð1� ν2�1=2
ð4Þ

where k is defined as the stiffness of a single particle and coefficient
2 is for a whole spherical shell. Despite the small deformation
assumption of eq 4, a linear relationship between fi and p is
expected for deformations up to a few times the shell thickness,35

which is confirmed by the linear force deformation as shown in
Figure 3b. For single spheres with an elastic shell, this behavior has
been rationalized by the change in contact area frompoint contact
to ring contact.35 The encounter displacement pi can be geome-
trically determined when the array is centrally indented. Given
any indentation depth p with p/Rd , 1, for the ith particle P in
contact as shown in Figure 4a, pi can be expressed as

piðN , jÞ ¼
ðR þ t

2
Þ2

2Rd
3N2 þ ð� 1ÞN þ j � 1

2
þ j

" #2
8<
:

9=
;

with N ¼ int

����� 2Rd

3ðR þ t
2
Þ2

p

2
664

3
775
1=2����� ð5Þ

where integer N is the number of circumferentially contacted
annuluses away from the center and j denotes the contact seq-
uence within the Nth annulus. The integer N is governed by the
radius of the indentor and particle as well as the penetration depth
p as demonstrated in eq 5. The total number of contacted particles
n is determined by N and j with n = N(N � 1)/2 + 1 + j. For a
small deformation, by substituting eqs 4 and 5 into eq 3, the total
indentation force f as a function of the penetration depth p is
known. As an example, for the system studied in Figure 4a, at
p = 0.36R, the indentor will contact a total of 19 particles (N = 2)
and f can be given by

f ¼ ∑
n¼ 19

i¼ 1
kRiðp� piÞ ¼ kp þ 6kR1

p� 2ðR þ t
2
Þ2

Rd

2
664

3
775

þ 6kR2

p� 6ðR þ t
2
Þ2

Rd

2
664

3
775 þ 6kR3

p� 8ðR þ t
2
Þ2

Rd

2
664

3
775
ð6Þ

where the terms associated with the indentor radius Rd are the
encounter displacements pi at each consecutive contact. Equation
6 demonstrates that the total indentation force f is not only
proportional to the stiffness of single particles k but also associated
with the total number of contacted particles n, which is determined
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by the ratioRd/(R+
t/2)

2 as shown in eq 5. Normalizing eq 6with
f = f/Et2 and p = p/R shows that only the ratio R/Rd governs the
onset of the nonlinearity of the normalized f�p curve. For an
extreme case when Rd is increased to an infinite value, the total
indentation force finf will be approximated by nkp, which would
be the case for a flat punch indenting a finite area with n particles.
Even though eq 4 applies only to a single spherical capsule with

thin shells under small deformations, Figure 4b shows that by
assuming a linear response of individual particles, the total
reaction force of a monolayer of particles in eq 5 still provides
good agreement with the FEM simulation with different t/R
(t/R < 0.13) values. The deviation between theory and FEM
becomes larger when the particles have a relatively thicker shell.
However, the thin-shell model still captures the trend for thicker
shells with t/R = 0.13 as shown in Figure 4b. The good agreement
is attributed to two effects, which can be seen from the f�p curves
of individual NPs as shown in Figure 3b. First, despite the slight
deviation from the theoretical linear line (black dashed line)
around the onset of buckling, the simulation curves fall back close
to the line during postbuckling. As outlined above, this phenom-
enon has been attributed to the transition from a point contact to
a ring contact upon buckling by Elsner et al.35 Second, even at a
large indentation depth (e.g., p/R ≈ 0.6 in Figure 3b), a majority
of the NPs are deforming in or very near the linear stage, which
means that the resulting total resistance force is mainly attributed
to the large number of contacts in the linear regime. Experimen-
tally, this has been confirmed by the observation of the center
portions of Figures 2c,d and 5d, where only a few particles under-
went permanent deformation.
From the proposed theoretical model, the effect of the in-

dentor radius Rd on the normalized f�p curve of particle arrays

can also be predicted as shown in Figure 4d. It shows that a small
R/Rd ratio leads to an earlier onset of nonlinearity and a higher
normalized indentation force. The reason is attributed to the dif-
ferent total number of particles in contact at the same normalized
indentation depth p/R as shown in the inset of Figure 4d, which is
governed by R/Rd. Such behavior is also well known in the
macroscopic world, for instance, from a fakir resting on a bed of
nails. Understanding the influence of the R/Rd ratio on the total
force is important for appropriate material design for applications
such as projectiles as opposed to blast protection.
Model Applications I: Extracting the Elastic Modulus of an

NP from the Indentation on NP Arrays. The mechanisms
underlying the indentation on NP arrays can provide useful in-
sights into the nature of the elastic modulus of the shell of single
HSNPs as well as the connection between the effective behavior
of the HSNP films and their constituent HSNPs.
Figure 5a shows the model-data fitting for the averaged experi-

mental f�p curves for three samples (110 nm, 20 nm), (233 nm,
14 nm), and (268 nm, 36 nm) (in the case of the Hertzian model,
the preload is accounted for by offsetting the penetration depth).
The Young’s modulus of the silica shell extracted from this data is
found to range from 3.5 to 8 GPa and does not show a geometry
dependency within the range of error. This modulus is expected
to be an intrinsic modulus and a pure material property because
all geometric contributions have been taken into account. This is
in contrast to Eind from the Hertzian model, which explains the
large difference between the two. Furthermore, the intrinsic E
modulus of our amorphous silica is 10�20 times lower than that
of bulk fused silica (about 72 GPa),36 which implies a high shell
porosity in our system.37 The modulus of the silica shell of our
nanoparticles is also lower than that of the single hollow silica

Figure 5. (a) Theoretical fitting of the averaged experimental f�p curves (—) using the consecutive contact model (solid symbols). (b) Fitted Young’s
modulus of the silica shell of individual HSNPs. (c) The stiffness of individual particles scales with t2/R. (d)Morphology of the (261 nm, 28 nm) particles
after indentation of up to p/R = 0.34 and 0.59.
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spheres (E = 18 ( 6 GPa) as reported by Zhang et al.,17 which
was obtained using AFM. The variation in silica porosity could
also be the reason for this difference. The stiffness of a single
HSNP is also extracted using eq 4 and is found to increase linearly
with t2/R and varies from 4 to 50 N/m for the particles in this
study. In analogy to the Hertzian model fitting (Figure 2), the
experimental results are only marginally influenced by plastically
deformed hollow spheres for penetration depths of up to
p/R ≈ 0.6. The reason for this is the small number of cracked
spheres (for example, one sphere for p/R = 0.34 and two spheres
for p/R = 0.59, Figure 5d) and the comparatively large number of
elastically loaded spheres at high deformations.
Model Applications II: Extracting the Effective Film Mod-

ulus from the Indentation Model. So far, the experimental
indentation force�penetration depth curves are interpreted by
two methods: one is the Hertzian model (eq 1) under the assum-
ption of a homogeneous film, which is used for the extraction of
an effective film modulus Eind; the other is the consecutive con-
tact model (eq 6), which reveals the mechanics underlying the
indentation on a monolayer of nanoparticle arrays. It is straight-
forward to combine these two methods to obtain a predictive
tool linking the effective HSNP film behavior to its constituent
nanoparticles. In the following text, the focus will be placed on
HSNPs with relatively thin shells (t/R < 0.13) and on small pene-
tration depths (p < 0.4). For thicker shells, the consecutive
contact model will underestimate the Young’s modulus of the
particle material. Equating eq 1 with eq 6 gives

EindRd
1=2p̅3=2 ¼ E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� ν2Þp
2

t2

R3=2 ∑
n

i¼ 1
Ri p̅� piðR,Rd, tÞ

R

� �
ð7Þ

where pi is a function of indentor radius Rd, particle radius R, and
particle shell thickness t as shown in eq 5. Equation 7 demon-
strates that Eind is directly proportional to the elastic modulus E
of the particle shell material. Because the right part of eq 7 is a
discrete function depending on the value of pi, the fitting of Eind
in eq 7 must be solved numerically.
To be consistent with the experiments, the radius of the nano-

particles under investigation ranges from 100 to 500 nm and the
thickness to radius ratio t/R varies from 0.02 to 0.13, where
particles with the same shell thickness (t = 15 nm, 20 nm, and
25 nm) and particles with the same radius (R = 100 nm, 300 nm,
and 500 nm) are systematically explored numerically as t/R is

adjusted. Figure 6a shows numerical solutions of the normalized
effective indentation modulus Eind/E as a function of the particle
radius and shell thickness. The results show that Eind varies
between 0.1 and 10% of the constituent particle’s material
modulus for particles with t/R varying from 0.02 to 0.13. Normal-
ization with respect to E removes the influence of the actual
material property of the shell of the hollow sphere. Thus, only
geometric differences will cause differences among various sam-
ples. Eind/E increases with shell thickness t at fixed R and in-
creases with decreasing particle radius R at fixed t as shown in
Figure 6a, which is a consequence of the constituting spheres’
stiffness. The inset of Figure 6b shows the variation of Eind/E for
particle radii from 100 to 500 nm at different t/R values and hence
film densities Ffilm (t/R = 0.05, 0.08, 1.0, and 1.2) as seen in eq 8

Ff ilm
Fbulk

¼ 0:52 1�
1� 0:5t

R

1 þ 0:5t
R

0
BB@

1
CCA

3
2
664

3
775 ð8Þ

where Fbulk is the density of fused bulk silica. Equation 8 demon-
strates that the film density is associated only with the relative
shell thickness t/R of the constituent particle. For thin shells with
relatively small t/R values (e.g., for particles with

t/R < 0.06), the
curve of Eind/E versus R is close to a horizontal line as shown in
the inset of Figure 6b, which means that for low-density films the
actual particle size has a relativelyminor influence on the effective
indentation modulus of the film. This indicates that for films with
the same small t/R of constituent particles, films composed of
large particles and thus thick shells offer a very similar stiffness to
that of those composed of smaller particles with thinner shells.
However, this situation changes for films with higher densities.
As can be seen from the inset in Figure 6b, with the increase in
t/R, the value of Eind/E decreases rapidly with the increasing
particle size (R), which means that films composed of smaller
particles give a much higher stiffness than those composed of
large particles. In this case, it is preferable to use smaller particles
over larger ones. Despite the effect of particle size or shell thick-
ness on Eind, Figure 6b shows that generally Eind/E increases
nonlinearly with t/R. The data fit of Eind/E shows a scaling power
law with Eind/E = A(t/R)

n

for particles with different t/R values,
where A demonstrates the geometric effect of the number of
particles in contact, which is related to the particle radius. Expo-
nent n = 2.3 ( 0.2 shows the influence of the relative shell
thickness on the effective modulus of an individual hollow particle.

Figure 6. (a) Effect of particle radius R on the normalized effective indentation modulus of HSNP films Eind/Ewhen the particle shell thickness t is kept
constant. The solid symbols are the experiment data. The inset shows Eind/E versus particle thickness t when R is fixed by (b) the scaling law between
Eind/E and t/R for particles with different sizes and shell thicknesses; the inset shows Eind/E vs R for particles with the same t/R value.

D
ow

nl
oa

de
d 

by
 U

N
IV

 O
F 

M
A

SS
A

C
H

U
SE

T
T

S 
A

M
H

E
R

ST
 o

n 
Se

pt
em

be
r 

14
, 2

01
5 

| h
ttp

://
pu

bs
.a

cs
.o

rg
 

 P
ub

lic
at

io
n 

D
at

e 
(W

eb
):

 J
ul

y 
28

, 2
01

1 
| d

oi
: 1

0.
10

21
/la

20
18

11
7

http://pubs.acs.org/action/showImage?doi=10.1021/la2018117&iName=master.img-006.png&w=400&h=136


10499 dx.doi.org/10.1021/la2018117 |Langmuir 2011, 27, 10492–10500

Langmuir ARTICLE

The solid line in Figure 6b is the average value of the calcu-
lated particles, which shows a scaling power with Aav ≈ 8. The
dashed lines in Figure 6b represent the upper and lower values for
the particles of radius R = 100 and 500 nm with Aupp = 12 and
Alow = 5, respectively. The relatively smaller particle radius leads
to an increasing number of particles in contact, which gives rise to
a higher value of A. A theoretical estimation of the value of
exponent n can be obtained from a scaling relationship based on
an approximate modified Hertzian contact model, where the
indented solid spheres are replaced with hollow ones. For a single
hollow sphere, in terms of eq 2, the effective indentationmodulus
is found to scale as Eind � E(t/R)

2

using an equivalent strain to
scale of ε ≈ p/R and an equivalent stress to scale of σ ≈ f/πR

2

.
This rough estimate gives an exponent of 2, which agrees with the
numerical solutions shown by a dashed�dotted curve (Figure 6b).
From Figures 2b and 5b, Eind/E from the experimental data
(labeled with solid symbols) can be deduced, which shows good
agreement with the numerical solutions (Figure 6a). In addition,
the experimental data is consistent with the power law trend
when t/R e 0.13 as shown in Figure 6b. From these considera-
tions, some useful insights into the design of a nanoparticle film
with a relatively high stiffness can be obtained: to guarantee a
stiffer film, constituent particles with a relatively thicker shell
(increasing t/R) is the first choice; under the precondition of a
constant film density, particles with a smaller size are preferred to
give a relatively higher effective indentation modulus.

’CONCLUSIONS

The collective nonlinear behavior of an ordered monolayer of
hollow silica nanoparticles under nanoindentation was investi-
gated through numerical, theoretical, and experimental studies.
By assuming the HSNP array to be a continuous and homogene-
ous film, the effective indentation modulus Eind was found to
range between 60 and 700 MPa for constituent hollow particles
with a radius of 100�300 nm and a shell thickness of 14�44 nm.
Deformation mechanisms of individual hollow spheres in the
HSNP array were identified using finite element simulation of the
indentation process. The contacted individual particles consecu-
tively undergo the same three stages of deformation from local
bending to a flattened top to a buckled dimpled top. A con-
secutive contact model was established to predict the nonlinear
behavior of the indentation force versus displacement curves on
HSNP arrays. The superposition of the assumed linear elastic
response of individual NPs showed good agreement between
simulations and experiments. The model reveals that the non-
linear behavior of the indentation force�penetration depth curve
is primarily attributed to contacting increasing numbers of par-
ticles as the contact area increases, which is governed by R/Rd.
The consecutive contact model was applied to extract the Young’s
modulus of the silica shell of HSNPs from experiments on arrays,
the value of which varied from 3.5 to 8 GPa in this study. By
combining the Hertzian and the consecutive contact model, we
established a quantitative method to tailor the effective indenta-
tion modulus Eind of a HSNP film by manipulating the geometry
and modulus of constituent HSNPs. A Hertzian-like contact of
the hollow sphere shows the indentation modulus to scale with
the particle shell modulus and geometry as Eind = EA(t/R)

2

, with
coefficient A varying from about 5 to 12 for particles with radii of
100 to 500 nm. We conclude that an increase in film density will
always lead to stiffer films. Under the premise of a fixed film
density, we find that for a particle aspect ratio of t/R < 0.05 the

actual particle dimensions have a minor influence on the col-
lective performance. In the range of 0.05 < t/R < 0.13, smaller
particles with a thinner shell feature a higher effective film
stiffness than for larger particles with a thicker shell of equal
density.
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