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Prerequisites

Mathematica

Aside from having a working Mathematica system at your disposal and knowing how to type input, how to evaluate
an Input cell, and how to navigate around a notebook, there are really no prerequisites.

In fact, working through this notebook is a good way to learn some Mathematica basics and even some more
advanced Mathematica techniques.

All the input shown uses the display form 1 obtained by typing i [ , but everything would work identically if
you typed | instead.

David Park’ s Presentations application is not needed for this notebook.

Mathematics

Aside from basic algebra and geometry, there are no particular mathematical prerequites. Y ou should know the
quadratic formula for solving a quadratic equation. It’s helpful if you remember the Binomial Formula for expanding
apower (a+ b)", but the relevant case hereisn = 3, and the formulais given explicitly in that case.

The problem

The problem is to solve the general cubic equation:

x3+ax?+bx+c=0

- cubic=x3+ax?+bx+c

oun- C+bx+ax?+x3®

Mathematica can solve it directly:
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ne= X /. Sol ve[cubic =0, Xx]

outf2l= {‘ 2. (2'° (-a®+3 D) )/

3

1/3
(3 (—2a3+9ab—27c+3V3 \/—azb2+4b3+4a3c—18abc+27c2] ]+

1/3
(—2a3+9ab—27c+3V3 \/—azb2+4b3+4a3c—18abc+27c2) :

1

3 x 21/3

-§+((1+i«/?) (-a2+3b))/ [3x22/3

1/3 1
(—2a3+9ab—27c+3V3 \/—azb2+4b3+4a3c—18abc+27c2) )——
6 x 21/3
1/3
(1-iV3) (-2a3+9ab—27c+3V3 \/-azb2+4b3+4a3c—18abc+27c2] :
a
e . .2 2/3
3+((1 iV3) (-a +3b))/ [3x2
1/3 1
(—2a3+9ab—27c+3V3 \/—azb2+4b3+4a3c—18abc+2702) )-—
6 x 21/3
1/3

(1+fm/?) (-2a3+9ab-27c+3«/?\/-a2b2+4b3+4a3c-18abc+27c2) }

(How did it do that?)

The output from Mathematica above is alist of three solutions. Notice that these solutions seem to involve non-real
complex numbers—numbers of the form « + 8i where @ and 8 are real. As you may know, a cubic equation has three
solutions—either three real solutions or else one real solution and a pair of non-real complex-conjugate solutions. So
for particular coefficients a, b, c, even the solutions above that explicitly involve the complex number i actually
simplify to real numbers.

Exercise 1. The cubic equation x* — 5x% + 5x+ 3 = 0 has x = 3 as one of its solutions. Without
using the Mathematica solution, above, find the other two. (Hint: If you have one solution r of a
cubic equation, you may find the others by dividing the cubic polynomial by x — r and then
applying the quadratic formula to the resulting quadratic.)




CardanoBombelli.nb | 3

Exercise 2. (a) The cubic equation x* — 12 x + 16 = 0 has x = —4 as one of its solutions. Find the
others.

(b) The cubic equation X3 — 6 x? + 12 x— 8 = 0 has x = 2 as one of its solutions. Find the others.

(Rhetorical question: How must the assertion above, “a cubic equation has three solutions’ be
interpreted?

Exercise 3. Use Mathematica to find all solutions of the cubic equation:
(@x*-5x2+5x+3=0.
(b)) x*-4x>+14x-20=0.
(€©)4x3-16X°+4x+24=0.

Strategy

The strategy for finding a solution of a cubic equation considered hereiis:

e reduce the cubic to a “depressed cubic’—one with no quadratic term—by making a linear substitution
(Cardano’ s method);

e obtain one solution r of the depressed cubic from aformula of del Ferro and Tartaglia;
e when that solution r involves vV —1 , use Bombelli’s method to obtain areal solution;
o find the corresponding root of the original cubic by reversing the linear substitution; and

o find the other two roots of the cubic by factoring out x — r and applying the quadratic formula.

Cardano’s method: reduction of cubic to depressed cubic

The following method for changing the form of a cubic was described by Girolamo Cardano in his book Ars Magna,
1545, but invented at the end of the 14th century by some unknown mathematician.

Cardano’s method: Make the linear substitution

1
X=>X—=-a
3
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nz= cubic

1
depressed =cubic /. X->X- 5 a

oug- C+bx+ax?+x®
a a 2 a 3
0ut[4]:c+b(-—+x)+a(-—+x) +(-—+X)
3 3 3
Collect coefficients of the powers of x:

ns;= Col | ect [depressed, x]

-—+b|x+x®
3

oufsl ——— - — +C +

2a® ab a?
27 3

That cubic, which has no x? term, is said to be “depressed” . Writeit in the form:

Depressed cubic:

x3+3px+2q

(With the coefficients of the depressed cubic written as multiples 3 p and 2 g, subsequent formulas become simpler,

asyou will see)

Express the values of p and g in the depressed cubic in terms of a, b, ¢ by comparing the corresponding coefficients:

ne- Ni ceDepressed =x3+3px+2q;
Coeffi ci entLi st [ni ceDepressed, x]
Coef fi ci entLi st [depressed, X]

Out[7]= {2 Cl, Sp: Ou 1]‘

2a® ab a?

out[8]= {7-?+C, —?"'b, 0, 1}
Thus
po-_L b _a _ab_ ¢
-9 3 27 6 2

Exercise 4. By hand, calculate the depressed cubic obtained by Cardano’ s method for the cubic
equation x3 + 6 x*> —5x+ 11 = 0. Repeat for the cubic equation x° — 12 x% + 2x—4 = 0.
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Exer cise 5. Suppose you had used Cardano’ s method to obtain the depressed cubic X3 + 8x + 5

from acubic X3 + ax? + bx+c. If a= —9, what was the original cubic?

Exer cise 6. Suppose you had used Cardano’ s method to obtain a depressed cubic X3 + 3 px+ 2

from acubic X3 + ax? + b x + ¢, where a = —9. One of the roots of the depressed cubic is x = 5.
What is the corresponding root of the origina cubic?

Exer cise 7. Suppose you wrote the depressed cubic in the form x3 + 8 x + y, without the coeffi-
cient multipliers of 3 and 2. Express the coefficients 8 and y in terms of the original cubic's
coefficients a, b, c.

Exercise 8. The linear substitution used was x —» x — % a. Among al possible linear substitutions

X = X—cst, why use cst = %a?

The del Ferro—Tartaglia formula

In 1515 Scipione del Ferro discovered a formula, which he kept secret, for finding a root of a depressed cubic
x3+3px+2q intermsof pand g. In 1530 Niccol® Fontana, aka “ Tartaglia’, revealed the same formula to Cardano.

In Mathematica, the formulais given by the function definition:

no= del FerroTart agl i aRoot [p_, q_] =
1/3 1/3

(rasfpra) (o VP

For example:

nio- del FerroTartagli aRoot [-5, -2]

oufio= 4

Exercise 9. Use the del Ferro-Tartagliaformula by hand to calculate aroot of the depressed cubic

x3 — 9x+ 8. (You may leave your answer in aform involving cube-roots.) Check your answer
against the result of using the Mathematica function del FerroTart agl i aRoot .
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Exercise 10. Apply Cardano’ s method and then the del Ferro-Tartagliaformulato find aroot of
the cubic x3 + 15 x? + 57 x + 27. (Y ou may leave your answer in aform involving cube-roots.)

Exercise 11. Suppose you wrote the depressed cubic in the form x3 + 8 x + y, without the coeffi-

cient multipliers of 3 and 2. What now would the del Ferro-Tartagliaformulafor aroot be, in
termsof 5 and y?

(Rhetorical question: Do you see now why the del Ferro-Tartagliaformulais simpler when the
multipliers are included in the coefficients of the depressed cubic?)

The del Ferro Tartaglia formula for solving a depressed cubic equation x? + 3p x + 2 q = 0 can readily be converted into
formulas for solving cubic equations of the form x3 +3px=2q, x> +2q=3px, and x> =3 px + 2. We mention this
because, in the work of del Ferro and Tartaglia, p and q had to be positive numbers: like most European mathemati-
cians of their time, they did not accept the notion of negative numbers.

How did del Ferro and Tartaglia devise their formula? We don’t know, but here’ s a possible way, which uses reason-
ing by analogy.

Asthey knew, as as you can readily check,
x=Va+Vvb +Va-vb
isasolution of the quadratic equation

X2 =24a’-b +2a.

whena> Vb andb > 0.

Exercise 12. Verify the statement made above about the solution of x> = 2y a2 —b +2a.

Then perhaps, by analogy,
x=Va+vb +Va-vb

isasolution of the cubic equation

x3 = 3(\3/ az—b)x+2a.

If in the latter, cubic, equation you take p = —/ a2 —b and q = —a, then p3+ g2 = b. Thus the guess for the solution
of this cubic equation isindeed what the del Ferro-Tartagliaformula gives.

Exercise 13. Verify the statement made above about the solution of x° = 3 (\/3 a-b ) X+ 2a.
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A paradox

Fact 1: a depressed cubic always has a real solution.

In fact,
xX+3px+2q=0
isequivalent to
x2=-3px-2q,
and the graph of the cube function
y=x
always intersects the line
y=-3px-2q
in at least one point, no matter what p and q are!

The following plots provide evidence to support Fact 1.

1= Pl ot [{x3, 15x +4}, {x, -5, 5}]

100

50

out[11]=
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nnzi- Manipul ate|
Pl ot [{x3, -3px-2 q}, {x, -8, 8}, PlotRange » {-500, 500},
PlotStyl e » {Red, Blue}, AxesLabel - {x, y}],
{p, -20, 20, Appearance - "Label ed"}, {gq, -20, 20, Appearance - "Label ed" }]

-20

p

3
3

-20

q

400

Out[12]=

200

Move the sliders for p and g in the output above to see where the two curves meet.

Exercise 14. Explain in detail why, in fact, the curve y = x® must actually intersect the line
y=-3px-—2qinatleast one point (X, y), no matter what the values of p and q are.

Fact 2: del Ferro-Tartaglia formula involves square-roots of negative numbers if
2 3
q-<-p-.

In fact, recall the formulais the value:

nz- del FerroTartagli aRoot [p, ]

1/3 1/3
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As Cardano noticed, the square-root here may be that of a negative number. This is the case, for example, when the
depressed cubic X3 +3px+2ghasp= -5, q= -2

In[14]:= IO3 +q2 /. {p=>-5 0q--2}
Out[14]= —121

Resolving the paradox

Bombelli’s method, explained next, resolves the paradox: it changes the form of the root provided by the del Ferro-
Tartagliaformula so asto seeitis actually real.

Bombelli’s method

In his book L’algebra, 1572, Rafael Bombelli looked at the depressed cubic x° + 3 px+2q when p= -5 and
q=-2

x3-15x-4=0

npsp= examnpl e = ni ceDepressed /. {p-> -5, - -2}

oupse =4 -15x +x3
Of course, there must be at |east one solution—the cubic y = x2 and the line y = 15 x + 4 must intersect:

me- Plot [{x%, 15x+4}, {x, -7, 7}, PlotStyle - {Red, Blue}]

300

200

100

Out[16]=

In fact, the plot suggeststhat x = 4 isa solution. Verify that it redly is:
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7= exanple /. X »4

Out[17]= 0

That graphical approach is not what Bombelli used. Instead, he used an algebraic approach.

Bombelli's "wild thought"

The del Ferro-Tartagliaformulafor aroot is:

nne= del FerroTartagli aRoot [p, Q]

1/3 1/3

out[18]= (—q -\ p3+q? ) + (_q +.\/p3+q2 )

And in the example, the quantity under the square-root signsis:

In[19]:= IO3 +q2 /. {p=>-5 0q--2}
Out[19]= —121

So the del Ferro-Tartaglia solution in this exampleis:

\3/2+m +\3/2—m =\3/2+ll\/j +\3/2—ll\/j

Bombelli’ s “wild thought” was the following. Assume there are numbers m and n with:

V2+11V-1 =m+nv-1, V2-11V-1 =m-nv-1. (¥

Then the sum \3/2+ 11vV-1 + \3/2— 11V -1 would equal:
In[20]:= (m+n -1 ) + (m— n \/T)
ouzo)= 2 M

Thus to obtain a (real) solution of the depressed cubic, Bombelli just needs to solve (*) for mand n. And that amounts
to solving:

(menV=T) =2+01V=1, (m-nv=1)'=2-11V=T ()

3
How? Use the binomial formulato expand (m+n+v -1 ), assuming:

o the usual rules of agebra hold for expressions involving

i=V-1
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o the specia rule

2=(V-1) =-1

Exercise 15. Use the binomial formulafor cubes, (x+ y)® = x> + 3x? y + 3xy? + y°, dong with

3
the rules about V' -1 assumed above, in order to express(m+nv -1} intheformu+vv -1
for real uand v. Of course u and v each be an expression in terms of mand n.

Mathematica already knows the binomial formula as well as the rules assumed for algebraic expressions involving the
“imaginary” number i = V-1
ne1= theCube = Expand [ (m+ n N/T)g]
oupi- M +3anfn-3mn?-ind
Separate the "real part” from the “imaginary part” that multiplies i:
2= Conpl exExpand [t heCube]
oupz- MP=3mn?+4d (3nfn-n?)
See the Appendix for a discussion of Conpl exExpand.
Thus the desired m and n are to satisfy the complex equation:
m—3mn?+i(3mPn-n3) =2+ 11i
That left-hand side’ sreal and imaginary parts are...
ne3= cubeParts = Conpl exExpand [ {Re [t heCube], | m[t heCube]}]
oupa- {MP -3 mn?, 3nfn-n}
...and according to the first equation of (**), those parts should equal

In[24]:= {RE[2+11 Jl.], |m[2+11 ]l]}
oupa= {2, 11}

Thus solving the first equation of (**) amounts to solving:

nesp= equations =
cubeParts = {2, 11}

out[25]= {ITF -3 mnz, 3 rT12 n —n3} == {2, 11}

Write that as two separate scalar equations:
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nizei= €quations = Thread[equati ons]

out[26]= {rr? -3 mn2 =2, 3 m? n- n3 == 11}
Factor the left-hand sides:

ne27= equations = Factor [equati ons]

Out[27]= {m (rr? —3 nz) == 2, n (3 n']2 - n2) == 11}

Now Bombelli seeks solutions m and n of the equations that are positive integers. The process is indicated in the
following exercise.

Exercise 16. By hand, and without merely guessing, find the integers m and n that are solutions
of the pair of equations
m(nm? - 3n?)

{ n(3m? —n?

2,
11

(Hint. The only positive integer factors of 2 are 1 and 2. From the first equation, this means that
either m = 1 or else m = 2. Show why the case m = 1 isimpossible, so that m = 2. Then use the
second eguation to determine n. Be sure to verify that your m and n actually satisfy both
equations.)

Mathematica can find integer solutions of the equations directly:

nes- Reduce[equations, {m n}, |Integers]

ouzel= M== 2 &&N ==

Exercise 17. Check that the solution found for the first equation in (**) aso satisfies the second
equation.

Thus Bombelli’s solution of the depressed cubic x> — 15x — 4 = 0 of hisexampleisx = 4.

Exercise 18. Go through Bombelli’ s process of solution for his example, but start with the second
equation in (**) instead of the first.

Exercise 19. Use Mathematica to find all solutions of equat i ons interms of mand n. Use
those to find the corresponding values of 2 m. Which of those values are (not necessarily real)
solutions of the depressed cubic equation x3 — 15 x — 4 = 0 and which are not?

Exercise 20. Find areal root of the given depressed cubic equation by applying Bombelli’s
method to the result from the del Ferro-Tartagliaformula:
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(@x-6x+4=0.
(b) x*-102x+20 = 0.

Exercise 21. Find areal root of the given cubic equation by first applying Cardano’ s method to
obtain adepressed cubic and then proceeding as in the preceding exercise. Be sure your final
answer isaroot of the given cubic rather than aroot of the depressed cubic!

(@ x3+6x>-18x-88=0.
(b) x®+2x%>—(176/3) x— 1936 /27 = 0.

Exercise 22. Find all solutions of each of the cubic equations in the preceding exercise.
(Hint: If you have one root r of a cubic, you may find the others by dividing the cubic by x—r
and then applying the quadratic formula to the resulting quadratic.)

Exercise 23. The "usua rules of algebra’ include such identities as:
X+yY)+U+V)=X+U)+(Yy+V),
X+Yy)(U+V) = XU+ YV+XV+ YU,
k(x+y) =kx+ky,
k(xy) = (kx)y = x(ky),
X+Y)+z=X+(Y+2.
Y ou know that these identities do hold for real numbers x, y, u, v, k, z.

Assume that such identities also hold for *complex numbers'—numbers of the form a + b where

aand b arereal. And continue to assume that i* = ii = — 1. Then put each of the following into
theformu + i vwith uand v real:

(a+bi)+(c+di), (a+bi) (c+di)

The moral
Square-roots of negative numbers are useful in obtaining real roots of certain cubic equations.

(But what are such "complex" numbers? That's what's next in this course!)
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Appendix: real and imaginary parts

To find the real and imaginary parts of 2 + 11 with Mathematica, directly use Re and | m

npo- {Re[2+11 4], Im[2+114]}
oupzo= {2, 11}

But trying the same thing directly with...

20~ t heCube = Expand [ (m+ n \/T)s]

ouzo- M +3anfn-3mn?-ind
...will not work:

nei= {Re[theCube], | m[theCube]}

oup= {-31 m[m2 n]+1 m[n3] + Re[m'3 -3 mnz], I m[m” -3 mn2] +3 Re[m2 n] - Re[ns]}
Thereason isthat, by default, Mathematica regards all symbolic variables representing numbersto be complex!

Y ou have to explicitly tell Mathematica when you want all such variables in an expression, instead, to be regarded as
real. And to do that, you use Conpl exExpand.

For example, as was done earlier:
nzz- Conpl exExpand [t heCube]

oupz- MP=3mn?+4d (3nfn-n?)

nza= Conpl exExpand [ {Re [t heCube], | m[t heCube]}]
out[33]= {rT'F -3mn?, 3mn- n3}

Exercise 24. Explain why Re[ Conmpl exExpand[ t heCube] ] does not give an explicit value
(in terms of mand n) for the real part of t heCube, whereas
Conpl exExpand [Re [t heCube] ] does.

Sometimes you want to bring in Conpl exExpand as an “afterthought” to the main expression, and then you may
use the following “ postfix” form of input:
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npar= theCube // Conpl exExpand
{Re [t heCube], I m[theCube]} // Conpl exExpand

out[34]= n - 3 mn? + i (3 nt n - n3)
out[35]= {TT? -3mn?, 3nmn —n3}

Then the desired values of mand nin Bombelli’s example are given by:

nze= First @Sol ve [Conpl exExpand [ {Re [t heCube], | m[t heCube]}] ==
{Re[2+11 4], IM2+114]}, {m n}]

oupze= {M=>2, n-1}
(Thereason for using Fi r st likethat isto discard al but the first, real, solution.)

Mathematica will not provide actual values for m and n that are solutions of (m+ni)® = 2+ 11: if you try the
following:

na7= Sol ve [Conpl exExpand [t heCube] ==2 + 114, {m n}]

Solve::svars : Equations may not give solutions for all "solve" variables. >
— {{m—> Ly ((-1+2 i)+ (2+4) V3 -2 n)}
2

(M- (2+1) -in}, {m—»—%i ((1-2:'1) +(2+1) w/?+2n)}}

Rather, as you see, it just expresses one of the variablesin (m+ ni)® = 2+ 11 in terms of the other.

If you want Mathematica to determine actual values for m and n (without specifying that they be integers), you need
to bring in the second equation, (m—ni)® = 2 - 111, too.

And then there is no need to separate each complex equation into a pair of real equations, one for real parts and the
other for imaginary parts, Mathematica can handle the entire solution in one fell swoop:

e FirsteSolve[{(m+ni)®=2+114, (m-ni)®=2-114}, {m n}]

oupg= {M->2, n-1}

Exercise 25. The Mathematica function Conj ugat e changes a complex number a + b i into
a—biwhenaandbarereal. For example, input Conj ugat e[2 + 11 1] givesoutput 2 - 11 1.

Why doesn’ t the input
Conj ugate[m+n 1]

give output m- n 1? And how can you modify that input so as to obtain output m-n 1?
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For more information about Conpl exExpand, see notebook Car t esi anPol ar For ns. nb.
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