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Majonana Field Theory

. - n this chapter
,

we're going to take the continuum limit of the

Ising model
. This will lead to our first emergent QFT :

the Majonana Field theory ,
a . K

. a : Ising CFT
I Conformal Field

Theory

IO Continuum Limit of the Ising Chain

e showed that the transverse Field Ising chair can be rewritten
in the fenmionic language as : ( up to a Jordan

. Wigner
transformation

)
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. Long distance ( low
- energy ) limit : { 7) a ( close to phase transition)
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Plugging this in H and working with Kael ( topefeasefjusntifgedaoangne )
chapter

JE ( g- uggkgtcrtck→ JG - E)§4@ = fdxytklycxl

using K # - i2× ,
we see that we dropped a

team ~ 2×4+2×4
+ gradient expansion

we 'll show later that these terms can be ignored ( irrelevant in the

RG language
)
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Putting everything together :
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H = Efdxi(X2×y + y2×X) +idfkylxlxkl
Finally ,

let's perform a last notation : X =

Xtff#Kinetn term :

y = Xt - X -

{ Xtcxl
, X±G1I : 8k - yl a

⇒

H=Eifd×[X+2×X+
- X.2×X]t idfdxxtx .



X
±

describe China
, night / left moving Majonaaa fields .

At the critical point : D= o and X±

decouple
.

• Heisenberg equation of motion : 2+X±=i[H ,X±]
- -

fdx X+l*i2×X+k) ,X+(y) = - fdxxilxlx .+412×41×1

} 2×11+1×1 , Xfylf.

8k
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= fdx X +41×+4×12×+61 - 22×71+41

⇒ 2+X+ =  + c2×X+ + DX
.
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At the critical point : X± = f(×±c+ )
Xt : left more

( D= o ) X
- : night mover
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@ Path integral formulation

In order to compote correlation functions ,
it will be convenient

( as often in quantum mechanics ) to use a path ( functional ) formulation.

• Fermionic Coherent States : 4^14 ) = 414 )

* Eigenvalue of annihilationopened operator #umber
"

However : there's something weind about 4 : ¢44)= 4214 ) =o

4

can't
be an usual �1� numeral

.

⇒ 42=0
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For
a discrete number of modes : (4) = e- it % 2%+10 )

[ Vector

Similarly : ( 4T4^t=Gl4 ( 4 not hanitian ! )

147={01 - < III ( ret the adjoint of 147 ! !)
= 61+4-41 = eoleti

( II =
eFT& KEIY ) = 1+54=54

,
Grossmann Calculus : Although Grossmann variables look weird

,

their algebra is amazingly simple



Taylor
expansion : f( 4) = Got fT4)4

Integration: fd4= o f d4 4=1 ( just like derivative ! )with
more variables : fdtdyyy DF dy= - dy.IE

. Gaussian integral : Z  
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Back to Quantum mechanics :

Ovuwmpleteness :

fff.dyg.gg?ygt4il4KEl=T
( resolution of identity )

Let's consider a fumionic Hamiltonian H[ 44,4]=FghijYtYj
+ ¥nViju4it4jt4u4et ...

. Normal order : all 4+5 sit to the left of the 4 's
.

.
For simplicity : drop spatial indices in the following .
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Insert resolutions of identity :
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Note : e used H (4ft, ,4j ) = H(4j,Yj ) + OC At ) which

is usually Ok
.

• Essentially , we just followed our recipe to map a fumionic
quantum problem onto a classical system in one more dimension

.

Because fermions are weird objects ,
the corresponding classical

fields are Grassman variables
.

.
Note the anti periodic boundary conditions in imaginary
time :

4C Ttp ) = - YCT )

⇒ Fourier decomposition : 4k ,T)=p¥n[ eiiwnttwncxs

Yanks= tg {Pdteiwntek
,t )

with wn=2pI(n+ 's) NEZ

Matsubara frequencies .

( as TpIg ,
we can rewrite ptn[ tfdwz )

-
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Main conclusion : Z= fD[4T4] e
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Buy phase

term

with

S=§PdtL[
4TH ,4H]=§Pdt[42t4tH[4,4]]

- y spatial indices

Euclidian Lagrangian td×#2t4+U[4,4]]
Gradation function : For Z=
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#O Majonana / Ising Field Theory

et 's apply this formalism to the Hamiltonian :

H =Efd×[ 4+2×4+-42×4]$tdfk4t4
where we already took the continuum limit in space .

-7dg '
.

.
It 't  dx '
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=) ( Euclidian ) Lagrangiandensity :
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We can also work with the ( rotated ) self . conjugate tied "

1

fields X
.

and X+ :
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2+= - i2+ Same equation as before



Relativistic invariance
.
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# Complex coordinates

Before analyzing the scaling behaviour of this field theory ,

there's yet another way to rewrite this that is especially
powufull in ltld :

X± = f(1¥T ) : left and right movers

x±t

Let : Z = xtit 2=a¥=tH× - is )

I =x . it 5=3; =t(2×ti2r )

( 22--55=1
,

5z=2E=o
) think of z ,E

of as independent

dZn DE =
2i dtndx =) dtdx : dzgft variables

S= fdtdx tX±(2+±i2×)X± t idX+X
.

⇒ S={|dzdE[X+2X+ - X.si/.tDx+X]



t criticality : e. o .
on . : 2X+= 0

JX
.

=o

⇒ ×t=ffE )

X. =fCz )

X+= anti
- holomonphic function = left - mover

X. = holomonphic function = right . mover


