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@ Simple example : Quantum mechanics in d=o←s Stat
. mean in da

. Single quantum spin H= HOZ - g o× ( two level system)

.
Partition function : Z= Trip 't

= I. ± ,

Cole
' # to >

with otlo > = olo > o=±l

Now : U ( P ) = e- PH Propagation in imaginary time t= - ip

Tnotterize : AT = tnl ,
NDI steps tj= JDT

Z(Pl=¥..=±, ,( Fnleidttllon ? too
.

.li#tllFn. ?

... ( g. I e-
At 't

lotion >
( if you 've seen how to construct a path integral in quantum

mechanics
,

this construction should be familiar ! )

We can evaluate the matrix element
usingDT€- - dthot

< 9g... .

I e- dttlloq.
) = totaled

'3o×e
lqp

t OCATY
= e- dthotsi < oq... ,

ledt

80×10,3

. >

÷ ( dtg ) + sinhldtg )o×



.
let's rewrite : ftp.le.AT

H

log .

) = e- dthotj + Kotjotg

.+,t
Cst

0tj=Fj+ , :Cek= cosh # 81
⇒ E 2k=tanh( stg )

F.
to

CEK = sinhcdtgl
j Tjt ,

:

. up to an unimportant overall constant :

ZG '=
Eg. , #

e.to#o.sgnEsta

,

= Fg,
e- tghototkoy.org#dIIiIYglmdo.w
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TN=% We've discnetized the imaginary time evolution
1

°

-5 one more dimension

:
. We've also used the fact that the matrix

T
elements of @

' ATH
are real to interpret them as

| :
Bpnotditeniminwaeihhntsimnmtonpahezssogeasetssisa

• of . Length of the imaginary time evolution :

\ 1

↳
oo ND

,
=P .

Periodic boundary condition
.

F- o ⇒ B → oo :

"

Thermodynamic limit
"

for
the ld classical model

.

Below
,

we're going to generalize this mapping
A

any
dimension

.



.
T= Edt H

± / - At µ
Transfer matrix of the classical

model

# Quantum Ising in d space dimensions to classical Ising in D=  dtl

.
We can now easily generalize this to

any
dimension

.

Let's start
with a transverse field Quantum Ising model in d space dimensions :

H= - J.E.,
oitost - Js .foi× (

oangpadjdeinegsim

)

.
Partition portion : 2- = to e- PH= Ts ( e-

DTH )N Dt→o

N → a

DTN =P fixed

As before : e-
At "

= Tx Tz + O ( DTY
with Tz = ejdtifjfitojt T×= eJgdtFoi×

. Insert resolution of identity : ¥ ,Heed>Hotel= IT

( on each imaginary time slice ) | 1 € 02 basis

( ton!

HI110%1
) =

e5dt¥ss%i%t

§%d
, }%l

Meanwhile
,

Tx has off . diagonal matrix elements :

{ { otnntltxl dont ) = fetgtonijledtstoixloti )

= C ekotatioi.



with I
*

= tank ( DTGJ )

[1
08 the quantum model

!f
UP

to an mjmnpofantgat t

Z(p)=EyeFns%i%%q+,t.ge?I.q;.+.fKK=C_tn
) Tn= NDF At : %

D . dtl dimensional lattice

.
Anisotropic classical Ising model

. Jk ,kr=
K for links connecting

different ( imaginary ) time slices
, F coupling for links connecting

spins within the same time slice .

•
This mapping can be inverted : 2d classical Ising model

⇐s ltld transverse field Ising
chain

=s exact solution ( Onsager )

# Dictionary
Stat . Med in D= dtl dim a Quantum system in d dimension

nansfer matrix T UCDT ) = e.
DTH

: Efogliodigagf
.

Thermal fluctuations Quantum fluctuations

Periodicity of Euclidian time [ p Temperature : D= ,±= ATN

FFree Energy e- E. Z  
= e-

PEO
as p → oo

T→o
Ground state

energy



In :# .

[ Quantum system in d dimension

Remarks :

• We can generalize this mapping
to study correlation functions .

In a classical system ,
the leading ( largest I eigenvalue of the

transfer matrix do gives the free energy density :

Z . Tn TN ~ don ⇒ E = - logdoNtx
N

The next eigenualue gives the correlation length §=log¥
.( go

.
> ~Et4

(
you can easily show this in the ld classical Ising model

,
if you

took 10817 with me
, you

did this  in HW # 1)

Using T~ Edt"
we have {

"

~ D= E
,

- Eo

Energy Gap

• At a phase transition : { too in the classical system

( second order ) D to in the
quantum system ¢ gapless spectrum)

Many classical systems correspond to the same quantum system
( different time disaretizahbn )



But .

. Universality near phase transition ( irrelevance of microscopic
details :  See 10817 on none

later : RG )
Universal quantities : Critical exponents

, scaling functions ...

non - universal quantities : Critical coupling ( To)
,

. . .

ltld Ising chain Zd classical
⇐ ) Ising Model

at T= o p
same Universality class

At finite T : no phase transition in Hld Ising chain

( C⇒ no phase transition in ld classical Ising Model )

d
.

dimensional Ising Model : H= - Jfyy. ,9tojt . h ? g.
×

T

c-
Thermal Phase transition

c⇒ classical Ising Model in
Paramagnef d dimension

Ferromagnet
OIDDP finite7

. %(h#\
Quantum Critical Point°

c⇒ classical Ising in

D= dtl dimension ( Fsa )


