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Band theory an#crystal structure

solids : atoms
arrange

themselves in crystalline structure

III.IE?iIiIgEeItItoeFYittEdIiEiciroYIai

We 'll see
that this picture is not correct

.
Elections move

mostly freely in periodic lattice ,s .

But E=zP÷ modified by lattice (p not

conserved ! )

IO Electrons moving in one dimension

@ Tight - binding model in ( d

t

.  . . • •

⇒
•

•A•
• .  . .

N lattice sites
~

( "

tight finding approximation
"

: later ) .
Electrons live on

lattice sites
.

.
Consider a single election : lj ) : e- on site j .

eilj > = Sij

.
local onsite

energy
:

Eo
,

local hopping term : "pt
"

# time !



H= Eotyljkjl - tF(jkjtiltljtikjl )
Use periodic boundary conditions

;
Intl ) = 11 >

Solution : 14 > = §4jlj >
j→j . ,

T

HM ) =E 145 ⇒

E.Ty g. lj7 - t (f. 4g+!j) trgtjti >)

=E§4jlj )

⇒ Eotj -
t ( 4jt,+Ygu|=E4g .

*In second derivative

Solve by lattice Fourier ( plane waves ) modes :

4g ... Ygeikth K= wave number
N

14k ) =

Tg.

Yrneiktaljg
P = Ak ~ momentum

Brittain
•

K → kt 4Th .

We
can take KE[ If ,T£ ] Zone

. 4n+
,

= 4
,

: eikn "

= I I K=2aIj n ;
n integer

. < 4k 14k . > = in Ieilkiklja = SK
,K

'

j

tika
.

Now we have 4j± ,
= e 4j



:Et2t→ E*=Eo- 2+05

" Ijazeat"t - . .  - -

Eo . 21width

VK.IE
,

K > o : night
Note: movers

. Space discrete

←s
K periodic (property 06

Space periodic
#K disuek

Fourier transforms
)

.
Electron wave functions are completely delocalized !

( even if t is very small )

. single e- :
look

: Ek = Eo - 2ft

than
¥

-

meff=¥,

inherited from lattice
2mWZta

Many electrons
: ignore

interactions
.

Each lattice site contributes Z e-
.

ZN free e- total
;

2N States
e spin

( our model
only makes for Zf2 ,

2=10^2 here )

2=-1
:

"

half . filling
"

First fill K=° ( 2 states )
,

then K=±InTetc a

( Paoli exclusion principle )



NE

excitdionnsooo

" ' As many
e- with

O k > ° and KeoFIf÷¥⇐%f⇐÷'Hani::::i
"

sea

.si#aLinearizenearK=kf:E=Eo-2tcos(HTz+8Kal~Eot2ta8K

.

Linear ( relativistic in fat! ) dispersion !

.
With E field : Deplete FS on the left

,
more on

the right

( Iata )
,

more Kso : unnent ! Conductor

2=2 : Fully filled band

NE Band insulator

•

t.TT#.g.qao-
( some insulators

.

¥#:y¥..Hzsitehalted:c!
•

•
o

• • •
•

•

•



@ Nearly free

electronsTight binding : tightly bound e- with tunneling .

Let's consider the opposite limit : Almost free e- with

weak periodic potential .

Ho

H=

@
+ V ( × )

p= - ihgfx ( continuum model)
ZM

✓ ( × + a) =
V ( × ) and periodic system of size L

( =
N a

with N integer .( # atoms )

ikx
Ho : 4kkl= < xlk > = ¥ e and kklk 's .

. tfcixeikikk
= 8k ,k

'

eigenstates IK > labelled by p=£K
,

K is quantized in

units 08 % since 41×+4=41×1

Ho= - zEm¥.

Ek=hIi
ZM

Perturbation theory : Ek = E
. k degenerate perturbation

theory needed ?

Depends on matrix elements : fk ' IVIK )

✓ 1×1 = Fez
,

Vn drink k . kn*



with Fourier coefficients : Vn = I f.oh
✓ ( × ) e-

" Tinxk

< KIVIK 's = } µ Izzy eickikthntlx

= €czVn Sk
. kl2tn/a

Perturbation an only mix : K= K 't
21am with n EZ

Mixing between KI - K and K : K= Ian

( edge of Bnillouin Zone for nil )
.

Low momentum ( non degenerate perturbation theory)

Ian ⇐ KKTIIL' ) ( far from special points where mixing
occur )

Eh = the + KWIK > + I KIMI't ...

-

KHK EL - Ehr
Vo = constant

No mixing
to lstondn [

K '=Kt2I% ,
n EZ

Small changes .  . . Mostly unaffected by potential in As regime .

However
: if K= In and K '= - k

: denomination  =o !
a < KIVI - K > to

⇒ need degenerate perturbation theory .



Edge of BZ ( Bnillouin Zone )

(
tkltllks < Ky , ,.k ,

k= " "Z

⇐ KIHIKS x. klrkk ,
) (

p) = E (f )

⇒ f÷¥.

÷n!÷+ "
)(Meet)y*

Eigenvalues : (zh÷n÷I2+k - E )
"

-1412=0

= , E±=z£÷n¥I+%±@
21%1 opens up

at
K=±¥

Take : ✓ ( ×l=2Y cos 4¥ ( n= , only ;
K=±tE )

Eigenstates :

IK
) tfk > → y±W~{

cos ¥

K=t£ sintx
a

14-1
~

mostly near minima of ✓ ⇒ lower
energy



Let's repeat this exercise Gm K=ntaTt8
⇐  ¥+ .

}a!mg;ti÷.

8 is small

⇒ (fin'( nets )Ik - E) ft÷f÷.

stir
. E) tkl

'

Ttaffsyroetfemaftki

If
S is large

,

coincides with [ down
non degenerate

perturbation theory .

Small S :

E± - E÷n¥+ro±kl+f÷a±tanhn÷fyQt...
quadratic

p
dispersion relation

correction

: i:

there:e
"

gaping
,

}ead#

a

band

| ) band # 3

v } band # 2

} band # I



@ Bloch 's theorem in ld
.

Free particles with Ny [ ft
, f ] =o

translation invariance [ momentum labels
States

In our use : X → × t a
discrete translation invariance

.

Let's show that this is enough to label state , with
"

K
"

Translation operator : Tp41×1=4 ( xte )

k$1 'T ) = fdx 01*4141×+4=1.1×10*6 - e) 4k )
°

'
"

=fk[ Fe#D*xc×l=kEe&Hs
⇒ Fet'= Fe = Fe

' '

⇒ ie unitary

.
Te

,

Fe = Fq+q (Abelian
group ,

ftp..ie.]=ol

. Fp can be expressed in teems of f= - ihodq

as ftp.eilplh



Pee : Few . f tilde +

t.fi#Y+...)4k1=(l+lItx+l?ItI+...)4kl.nEh.fEFnua=4kte1

f is the generator of the translation
group

•
A

system is translation invariant iif [ LT
,Fe]÷

⇒ [ th ,f]=o as expected .

• Now if [4,1^1]=0
, energy eiyenskks can be

kbbded by the eigenvalue, of Fa : phases ei0a

Eigen values of Fe =
eilk

so heat ei%ei%=ei9e+e.

TIYKKI=4kkta| =
eika 4kW on an eigenvector,

of

Now 4k and 4k+uz
have the same eigenvake under

Fa : take K Efta ,

' I ] 1st Britain Zone

⇒ we can still keel eigenskhes by K
,

but KEFIA,Ia]



Bloch 's theorem ( in Id )
:

Periodic potential Hxtaa) =K×l

Eigenskte, an be written as : 4k(×|=eiK×uk )

T ktukktatukkl
Efta,Ma]

→

"

Mild
"

modification of plane waves !

Pzoob : 4k ( xtal = eik '

Yklxl since we can take 4k to

be
an eigenskk of Fa

.  Uklx ) I e- ik×4kk1

Uk ( ital = e-
ik× eiika 4k( xta ) = I ik×4kkl : until

Crystal momentum : f = AE ( t mass x velocity )

conserved modulo 25k ( lattice can

"

absorb " dp .-2¥ n )

identified
L

u

n=4

n =3

n=2

n=i



IO Lattices and Crystal structure

In Zd and 3d
,

we have to deal with more complicated
lattices !

@ Bnarais lattice ( a.k.a. a
lattice in math ! )

all points have the same environment

Zd :
N= { 5 '=n

, oftnzai '

;
Cn

, ,n ,
) E 24

3d : A = { 5 '= n
,

Itn
.

Itn , as
'

,

In
,

,n , 3) eK{

of : primitive lattice vectors ( not unique!)

• •  •

Primitive cell :

•A
• aIII.I÷¥.tn#aie..i.IYnsp::sILn

of translated by aft 's
.
( Not unique ! )

✓ = IF
'

. ( E '× 541 . Yn n :  density oeo lattice

points

.
F

unique primitive cell which respects the symmetry of

He lattice : Wigner - Seitz ( ↳ nonoil cell :

Region of space ssuck that origin is the closest lattice

T
point reference site



Intenon E#I-
•

.
Brava 's lattices

an be classified ( Brava ; lattices an

considered equivalent if they share the same symmetry group )



•

Non - Brava :S lattices : Honeycomb lattice

/→\M•
( see grapheme leatal

••-••\•-k€I¥•Note
, .tt#.int' aref¥•Ei÷

.

But :•-•
• • •-• .

"

Basis
"

t underlying triangular Braun 's

lattice
Red points live on Brauais lattice + translation by

DT vectors ( bassist
.

here of'= Itta
,

o ) to get
Green points

• Important 3D examples :

Cubic : at '= a E
'

,
aI= a eg , 5 '= aez

'

✓
= a3

, Kigna - Seitz cell = cube



Body .
Centered Cubic ( BCCI :

at '= aext at
'

: a 5
'

5 '=
of ( Etgtteiy

Kah

Face Centered cubic ( FCC ) :

at 's azleytezy 5 '=EleIteIl g÷ Ecexttey't

Va a'%,

Non Brava 's

FCC lattice + zabm

basis

of.az#eTt
⇒

s

Nad

@ Reciprocal lattice

*

= { EI ftp..ee
;

meal

with of . by=2t Sij



in 3d : bit = fit Eijkajix ah ( Check this ! )

(NYE N with : ai
'

- 2¥
,

tzeijklgtxbri

v*=lE
'

. CeixEll=HH%
ik

'

.

t
'

We have : e = I tried
,

E 'en*

E± .

Cubic lattice of :/ :O ii. f; aj : Poa

Et Eat 's e. El : eat ;

Bu : at .faaY; Eike aFt¥n

E±⇐aeix5'

,⇐af ; E. Elf Eteatti
.

→ reciprocal lattice = FCC
.

Fourier space : [ Ei]= '

lleagtp :

"

Momentum space
"

Take a periodic function f( Its ' ) = f( El

ft
' EN



- ik
'

# oil

f(El=f

.BE#*fky=nEenfaiEefkttit=E@fd3ye.iE.EpgyY8mteitzeeaakiYS(N

: Fourier coefficients
" Structure factor

"

.
We have B(kl=o unless E

'

Ed

,*
r⇒e : BCK't . Feneii

't "

III.
, ;;eienk* sail

= , Akiko
¥ eikitii ⇒

E 'ed*

fffol

.
Take K's ¥

.

ekibit 5
'

= ten :& E A

KIEIR here ni EZ
( k ; integers# RENY

D ( Kt ) = [ e-
i2E( kin ,

+ Kinetknsl

^
, ,^yN }

= O ( K
,
) OCK

, )o( k
,
)



Fourier decomposition of Dirac

Come

on ( k ) = [ e-
⇐ ikn ¥ [ SCK - n )

n EZL NEZ

forces K
;

E 21

dlk
'

) ±n§z,,

8 ( k
,

- n
,
) 81k

.
- nz ) 81k, -3 )

=r*g¥n*sCE
'

. is

in Id
:

BCKI :[ e-ik
"5 '

=
I e-

⇐ it

"=fs(k . n )ten a
,

'

kike
' = IEIESCKE

'

. net

Tina '
E
's.E=z . = V

*

I 8( K
'

-

of
'

)

of
'Ed*

.
Inverse FT : blxtkfd.ly?eikkfcayBaElsCri

's

⇒ fkY=Yp÷p¥en*e"5*544
Generalized
Fourier

Series


