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Romain Vasseur

Due: Friday, March 12.

I. IMPURITY IN A CHAIN

Consider a tight-binding chain where one of the atoms in the chain (say, at site n = 0) is an impurity such that it
has an atomic orbital energy which differs by an amount ∆ε from all the other atomic orbital energies:

H = −t
∑
n

(|n+ 1〉〈n|+ h.c.) + ε0
∑
n

|n〉〈n|+ ∆ε |0〉〈0| . (1)

1. Look for a solution of the form |φ〉 =
∑

n φn |n〉 , with φn = Ce−qa|n| (localized wavefunction), with q > 0
real, and a the lattice spacing. Show that there is a localized eigenstate for any negative ∆ε, and find the
corresponding energy.

2. Let us now investigate how this impurity scatters a plane wave incoming from the left with unit amplitude. We
look for solutions of the form φn = e−ikan + Reikan for n < 0, and φn = T e−ikan for n ≥ 0. Determine the
transmission T and reflection R amplitudes as a function of k.

II. DIATOMIC TIGHT BINDING CHAIN

Consider a tight-binding chain with two alternating types of atoms A and B, with different onsite energies εA and
εB , while the hopping matrix elements are −t. The two neighbors of each atom A are of type B, and vice and versa,
so the chain has the structure · · · −A−B −A−B −A− . . . The Hamiltonian reads

H = −t
∑
n

(|n,B〉〈n,A|+ |n+ 1, A〉〈n,B|+ h.c.) + εA
∑
n

|n,A〉〈n,A|+ εB
∑
n

|n,B〉〈n,B| . (2)

Calculate the band structure (dispersion relation) of this model, you should find two bands. Plot the dispersion
relation in both the reduced (k ∈ [−π/a, π/a]) and extended (k ∈ [−π/(a/2), π/(a/2)]) zone schemes. Make sure you
recover the result derived in class if εA = εB . Assume that both atoms are monovalent (Z = 1), is the system a metal
or an insulator?

III. GRAPHENE

Graphene is a two-dimensional lattice of carbon atoms, arranged in a honeycomb lattice. Note that the honeycomb
lattice is not a Bravais lattice, but instead is best thought as two triangular sublattices.

1. Find the expression of the primitive lattice vectors ~a1 and ~a2 shown in Fig. 1 (next page), in terms of the
inter-atom distance a. Describe the structure of the reciprocal lattice.

2. Let’s call A the atoms in red, corresponding to the triangular lattice Λ, and B the atoms on the sublattice

shifted by ~d = (−a, 0). We use |~r,A〉 = |~r〉 and |~r,B〉 = | ~r + ~d 〉 to label those atoms. The Hamiltonian is

H = −t
∑
~r∈Λ

∑
~n=~0,~a1,~a2

|~r,A〉〈~r + ~n,B|+ h.c., (3)

where the sum over ~n = ~0,~a1,~a2 corresponds to the 3 neighbors of each A atoms. Look for plane wave solutions∣∣ψ~k〉 = 1√
2N

∑
~r∈Λ ei

~k·~r (CA |~r,A〉 + CB |~r,B〉 ), and find the corresponding energies ε~k. (You should find two

bands)
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Figure 49: The honeycomb lattice. Figure 50: And its basis vectors.

Nevill Mott went on to win the Nobel prize for generalising Wilson’s ideas. Wilson

himself didn’t do so badly either. He left academia and moved to industry, rising to

become chairman of Glaxo.

3.1.3 Graphene

Graphene is a two-dimensional lattice of carbon atoms, arranged in a honeycomb struc-

ture as shown in the figure. Although it is straightforward to build many layers of these

lattices — a substance known as graphite — it was long thought that a purely two-

dimensional lattice would be unstable to thermal fluctuations and impossible to create.

This changed in 2004 when Andre Geim and Konstantin Novoselov at the University

of Manchester succeeded in isolating two-dimensional graphene. For this, they won

the 2010 Nobel prize. As we now show, the band structure of graphene is particularly

interesting.

First, some basic lattice facts. We described the honeycomb lattice in Section 2.2.1.

It is not Bravais. Instead, it is best thought of as two triangular sublattices. We define

the primitive lattice vectors

a1 =

p
3a

2
(
p

3, 1) and a2 =

p
3a

2
(
p

3,�1)

where a the distance between neighbouring atoms, which in graphene is about a ⇡
1.4 ⇥ 10�10 m. These lattice vectors are shown in the figure.

Sublattice A is defined as all the points r = n1a1 + n2a2 with ni 2 Z. These are the

red dots in the figure. Sublattice B is defined as all points r = n1a1 + n2a2 + d with

d = (�a, 0). These are the white dots.

The reciprocal lattice is generated by vectors bj satisfying ai · bj = 2⇡�ij. These are

b1 =
2⇡

3a
(1,

p
3) and b2 =

2⇡

3a
(1,�

p
3)
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FIG. 1: Honeycomb lattice, and primitive vectors.


