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Electrons Dynamics and

Transport

.
Now that we understand band theory ,

we need to fill

these bands with elections ! Ignore interactions ( ! )
,

focus

on Pauli exclusion → Fermi sea ( c. f. ( d example )

. Goad : Understand insulator as metals
;

thermal and electric

transport .

IO Fermi surfaces (Metals vs insulators )

Reminder
:

Free e-
,

no lattice
.

Box 08 size L
.

Eu = £±T;
K

;
 =2En :

with ni
 integer

Zm

i=×,y ,

Z

K=o state can absorb 2 e- ( spins T and t )

then fill energy Eh K Ep ^Kz

N=
Zifdzyf y

n Y

KF
KKKF s

T T kx
ermi

sea T Fermi
Surface



Read : .Tf=EF1kp,

~ 104k ( huge ! Tnktk
always )

.
low

energy
excitations near Fermi surface

Also : . Energy spectrum given by bands
.

N sites in Brava ; lattice =) 2Nskks in band
[ spins

.
Each atom on the lattice provides Z valence e-

Z =L ( Four on Zd ) :

free e- ¥4 lattice effects

All e- can easily fit inside the first BZ
.

⇒ metal ! ( gapless excitation .
)

Bcc lattice =) Fcc FCC lattice

reciprocal
= '

BccReciprocal
lattice lattice



2nd BandRecall ld : )%t
Band

on

Z= 2 :

enough e- to fill the BZ entirely )
st increase lattice perturbation : lower

,
E

holes iguana - to 1st BZ States
,

increase , E 08 2nd1371ha
.at

) Stakes

free e- £ insulation

Ls partly fill 1st BZ and start filling 2nd one
.

p
filled

"

valence
"

Z =3 : band

Remarks
:

. Some £ = | materials are insulators :

( Mott insulators
,

Anderson insulators
... )

tT interaction , disorder resistivity t
as Ti

.
Insulators with band gap

D I 2
-

4 e✓ ff
Start to conduct as T is increased : Semiconductors
( technically insulators at T=o| Si



@ Dynamics of electrons in periodic potentials =

"

Bloch
electrons "

Consider first a single e- in a band ( later we 'll

consider a

"

semiclassical wave packet .

"

)
.

@ Group velocity
y

d~p band index

we have F. mtfyel . ihttlyri 's

with Has. Eakins and 4uCEl=eik÷×IeyEl

-#ztf% .

⇐ . TEE
'

. ( ikei.EE#l+eikiEpur
.
)

= . hen ( . riurtzi# the '

+ Pin )

=tf÷eik*t
E.ipyr

xeik :*

Uri

→ f÷( E
'

- ittllurit Vue '

=EnuI-Hiuri
Now

,
consider : A ftp.ttet?yHII.Ft.. .

for f
' small

New energy : EE 'tI= EE' + §Ea 'T



Now use perturbation theory :

AE = Ee'tg - EE '
= fuel ?n¥ . flue ' >

.

exact
=

ZEE
'

- '

Ee
' 9

⇒ NE 't }t÷.
lori 's =2E±

-
2kt

esteem'lE
'

.itilluri's = f- < yet - if # this

= to '

Therefore :

VI.
= ¥2E± ( group velocity )

2E
'

@ Electric and Energy cements

Each e- contribute . a current : j '=
- et

fan ,

DiracTotten,.IYet:

j→= .zeTETE'
= .Ietatnntr

v v

Full land
:

In ^\
occupied skhe

,

j's - 2efd¥2fIyI÷ = o since integnl 08 a total
- ( ZIP derivative

,
and EE '

£ Bz periodic in BZ
.



Heat want = je
'

= EE

✓ =L
'

=) je
'

=

f-
¥ Fri Ek

on include fun
A nk=

LT
occupied mode , only eP( Eat 't 1

Again : filled band : jet = 2f|d÷yg's
Deieexeritixeit2 k

'

= o

=\ Filled bands do not carry any current
,

and

||
can't contribute to transport E- BIT see

Topological

@ Semiclassical equations of motion bands

Add external force F= -
TTU : in principle ,

solve shioiknga

Equation again with potential VTU .
However

,
in most uses

08 interest
,

where U is small ( so band structure is

unaffected ) and slowly varying ( is lattice scale
"

a

" ) :

Dkkak
Semickssics

:~~u×f¥T

= . o ielg
'

. El > Ak
"

Y "

ry a

[
Wavepaaketob plan wares

HE
, # H :[

ftp.E4.txyeithettwekdeane.xta~dak

'

q



Energy : EE' + UCEI with KTH and ICH

⇒ after
.tv#j=E.fEa+E.Fu=rEi.(hEtF'u)=o=shk'

= . Fu
# = ¥ ftp.EE

Semiclassical Equation ,

of motion

wee,h¥: I¥= t.EE.ee#ef.HE.

⇒ iii.

a±EFk¥g
.
kj

Let ( m^*
"

)
,j

.
= ¥2

2¥ mn* : Effective
2k

, .2Kj mass

matrix
= inverse of

¥.
#

Jkidkj

= , x÷=tm* ' Ki'
⇒ mn*E'=tE' = - Fi

± m^*E= .

Fu
"

2nd law
"

[
effective mass



Effective Mass

. Isotropic crystal : (m* )
, .g

.
= m*Sij

with m*=f÷E
.

( ie Ee =€z÷k, m*=m )

.
Bottom of the band :

Ek= Enint@zkI.n( k - km
,n

)
?

+ " i

£2
an

*

.
Note that m* can be infinite ( near middle of a band )

,

and can be negative near the top of a hand !

-1 we 'll
come back b His later

.

M* can be
very t from me !

Bloch oscillations : E
'

field,

fk'=
-

EE
'

=) E 'CH=Eo- eye't
BUI : K periodic !

E.
g : Ek= - Zt costa⇒ vk=21aSinkaId £

v(H= - 2t¥sine¥at)
= W

Bloch



Hard to observe in real materials
,

e- scatter on impurities
.

Holes
for Near t.pe the band :

oo• Eke Ema×+f÷*lE
'

- kIa×l
'

f

"

T.ae#Fqa.dand with
# to

Consider a
hole : Eend

.

= - Ek ( low
energy holes near

= - Emaxt ¥IKI
'

. kI→p+ ...

top 06 band 1

Zmhde
with made = - m*

we also take EL
. , .

= -

K
,

s . Taj
.

= Tel = VI

IP we have m*dd¥= -
EE

'

⇒ mq,edreggI=tpeE
'

opposite
change !

because a full band carries no current
,

we have
:

j '=
- 2efd¥re=+2eft¥IpFi( Zip

filled unfilled



Drude model again : M → m* : o= e2TnM*

But in some cases,

dominant charge carriers are holes :

opposite sign of Hall coefficients ( f,y=nBz ,Ra=lfg=n§

# Motion of Bloch electrons in a magnetic field

We have
: x÷= Fri = ¥ ZEE

Te ,fk÷= - e EKXB

Constants of motion :

E. 5
'

: ¥ ( EE
'

) = E. D=
. elIktxB

'

I
.

Bt =o

EE'
: It EE'=3Eeri.E= - evII.lv#xEY=o

£ Space e-
-

orbits : intersection 08 constant energy surfaces

with plan , 1- to B
'

: B'=BEz'
=) Kz= constant

nkz
+

Ii=lzGlEa
: points

B

,¥,EI"jiyejtujecbny dam 1. wto high energies
i
, ↳?ks e- oneih the Fermii | i Kykxi.nu#kI

'

Sunbau ( constant energy )



B. 15
'

Ey,=eE
Real space :

¥=I
'

- ¥ .

It
B

=

I
'

- Zej
' ( projection of t

'

ej
' a plane 1 to D

'

:(xp )

I n n

=sBx£k÷' = -eBBx(he 'xB )

= -

eB(rI'
-

B (B. rail )
= -

EBCE
'

- EEII = - EBE's

⇒ XICH - xI61= - ⇒EIXCKTH - Ebll

PBEmagnetic length

Real space orbit has projection of ( xy ) plane ( 1 to B-
'

)

=
E

'

space oabih
,

rotated by 9o° about BY recscadedey fz
"

For free e- : recover helix ( circles in xy plane )

%
rt i

1
,

In general ,
not circles .

ypy@gy°&t
Need not be closed !

⇐==¥F•je'hbn
"

Open Fermi surfaces
"|y!-§y Orbits extend into other zone ,

, ( wrap around first BZ )
L I

×



RE ZASE
to

ZASE > o

¥¥e¥f¥÷*s÷Fft¥t¥n*÷

e-

T + L

open , holes ×

cyclotron eneqeny : K - f. = fir # kigterfg (tanned
,,q

let

tees¥¥xBYie¥P¥¥h±

=\ At =tz . f. = F
fkidk

' t
-

- Kyl ,
1 to 5

'

EB

*FEET.Geometric interpretation :

DTKY: Normal to orbit with energy EE'#¥ygf±yg¥nj¥tfkf¥5

connecting it A =/ orbit with Ki
'

energy EE 't DE A
, ,fd( K ) dk

Ki
'

DE =fI÷a) ;
£ ( K )

pond .it . 54*4
[ 1 to wnskat energy 5¥face ,

,

so 1 to orbits



⇒ dE=P¥etdck
'
'

Ariane.gYar
separates

So we and :

tz-ti-ehzIglzfykhCk@thIakYasdE-io.t

.
. ii. Eaten III.

f÷3÷)
area C

enclosed by orbit
,

depends on

E
, Kz

Cyclotron frequency : q= 2¥ .
Free e- :

E= £212
+ Zm

Fermi surface : E,==f±⇐2
k= mtk

'

Zm

j@n.aeiteIEIIEIEIknEti.n.A
= it R2=2tfdE - IKI ⇒ Gaz =

Ziff
⇒ T =

ZTM
eT3⇒a=e¥



Can be used to

"

map
out

"

Fermi surfaces
,

see below !

Quantum Oscillations
( fsg

How  
do we determine the shape of the Fermi surface of a

metal ? Apply B field
,

various quantities oscillate with B

⇒ can be used to
map

out the FS !

"

de Haas
.

van Alphen effet
"

: oscillations of magnetization
vs applied field

nmtyyytthttyygrtttkh
,

%eeEYI.ie#s
Similar oscillation in

conductivity

11,3

Qgf's

)=⇐¥£
.

to " state .ee , ...

period of
[

any external
cross section area of

oscillation )

nk
,

the FS
,

in plane 1 to 5
'

ADF.IE#iiii..iIihYiiieeieIIiI

(4)



By changing the orientation of Bt
,

we can map out the FS !

Why ? Need QM : B
'

field + e- onga1attic .

T
Landau levels land ,

freeSpace :

En
.-f÷kz2t (nttz )fwc , we end

Lxlxl cube
K+=2En€

. degeneracy :

2£ BE →
~ 1010 state , for L ~ 1cm

B~o.IT

How is this modified by lattice ? ⇒ Onsager

( Approx only at semiclassical level : large n

OK : Effpw
.

~ 104 for typical fields )
B~ IT

hBohn 's correspondence principle : Eat
,

- En =

ftp.#
quantization of semi classical oreitts p

Period of

Semiclassical orbits

Now
,

we
have : T= zfftda

( ⇒ Enns,tan|JE was 4Mt

⇒ l Em
,

- En

)3Az=2±e¥

-
n

a Ant
,

- An ( Ent
,

- En~£w
. # Ee )



Classical orbits at adjacent allowed ( quantized ) energies and

sum . Kz differ by : DA=2tB
A

⇒ An = n2td
.tt¥f£¥¥¥nssi £ ¥4

Fermi surface is re . arranged into
¥

"

Landau tubes "

whose area is quantized

fB
'

tuft'¥¥+dE-
.

- - -

-
,

,

Density of state

f-
small

noaexr~en.tn#hLan.a.toa8lEHdEgfEl~=E*Ee+dE

f) effectively Id
,

YEFE*µ€|
=) enhanced d. o

. s
.

= and gleetenm' d '

Phggsainyftrsi
.



r

)
enhanced dos !Landau tubes

for extremal orbits

⇒ enhanced (diverging !) d. o . s
. for An ±2k¥13 nt ...

.-

pae

⇒ At )=2¥a÷
ahead

quantum oscillations for gold


