
Topology in Band theory

P 715



Topology in band

Theory

Not all band insulator , are

"

long
" ! Topology in

band theory =) protected edge modes
, quantum Hall effect

,

and topological insulations
.

IO Berry phase and Berry curvature

Crucial in this chapter !

✓
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×
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,
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,
d slowly

d- .

° I GS
,
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Adiabatic theorem : 1441 ) = /44411 ) , eigcnskt. oe Hx

( 1441 > = instantaneous eigenskk )

.

Ok as long as we don't have level crossings .

( that's fine
,

QM naturally leads to avoided level crossings)



Now imagine a closed path in parameter space :

It:@signed.IT#F.rkiInisI
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a phase !

14 ) → EN 14 ) ( phase difference :
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)
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→
HIH
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=EoWHow >
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.
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. If we take a closed path E in parameter
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ei8= e-
i§A→( It

.
#
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( no dependence on
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> = eiw "

14.4T
)

Different choice of phase for 6508 HH )
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,
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Berry curvature : Fig. CI ) = ?ynµI - Iasi
gauge ) 2×i( invariant

( in 3daL : DIXE )

.
The Berry phase is also

gauge invariant
,

since

§dEIIa= •

Stokes theorem , @

its
, e- ifATDI,

e-
iffy .

dsisi
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S : Zd Surface in
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Gs : 1 - > = µ"j&gsfyF) in st basis HDKS

Its = §eYfgsE) ( avoid out

We have : Ao = - i f- Ifo 1- ) = o

A¢ = -
i f- I fat > = - if lfieitsnoKY

= - siioz

Buy curvature : Ego=2gAgl = - sing

in Bt space : }g.
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'
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Fax #
= - ztgen

'

"

Magnetic monopole!
change g-

- lz

§fttpsxa
'

).dE= § "Io2t BYftp.) since

= - 2T = GIQ
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any 8 : µ$e ei8=ei§FdI

,
eirk

R solid angle
But we can equally choose S

'
: covering solid angle

I '=4t .
R

eir
'

, effluent is
=e

surface has opposite orientation now !
d5'

points inwards

⇒ etiqkr- R )
=jiqr

⇒ 2g EZ Charge quantization ( Dirac )

⇒ f Fijdsit = Ztc CEZ

Chan number



Example 2 : Chun insulator
periodic ten

I
Bloch e- : Yetx

'

) =
eik"±UEk4 ( Pow ,originalband

the..eik±'t etirix
'

. l

Ftznthettvh
's

t.lu#s=Eelues

BZ : periodic ( Square on cubic lattice : Tous TTTY
Phase

can wind
as we move around the BZ !

At = - ifur , IDEIIUE ) in 2d
:

F's De × As
' C-

ztfdkxddryf
BZ

'⇒f÷×In÷
,

Chun insulator : Two bands
,

most general form :

a land space

HE =

IIEY
.

E 't ECE't #
,

TakeKTEBZ - t
'

= ( Etdz dx - id
,

in Zd

dxtidy { - dz
)

.

Two bands of energy ELEY ±IICEYI
. Insulator : fill lower band



Example : HK = sink of t sink
, 9 t ( 2- m - costs

- cos Ky )oZ
look

~
.

( Kxqtk , g) - m of

2 - component Dina
.

Hamiltonian in2+1d !

- 1 0km < z
C= { ,

aremet
→

0 mho pk
M$4 F : T2→s2

: Blose
sphere

In general ,
one can seoa : C=ff¥

"

F. (tffgxdgnfj )
BZ

with nt.dk# e Blood

IIY span

Example 3 : Dina ferman in Ztld ( Not lattice
model here ! )

H=IlE'I.E
' I :( kxaky'm )

AT= . Kur.tt#lues
E±= ± trim

F=2k×Ay - 2k,Ax
n' ⇐ HEFEI

'
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=1m2(
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c-
No BZ here

c=f¥¥ktyr÷+m,

-
-EE ,

. Esigncmi

( = signzlml Half integer ! because of continuum
'  '

it Berry phase
"

Important physical consequences

@ Semi
-

Classical equations of motion ( revisited )

and anomalous Hall effect

Adiabatic perturbation theory ( correction , to adiabatic
-1 -1

theonenl : D= Ntl

Start in eigeashak lnlol )

12h14 )= e-
'

hiftentiltlldte
. ifeng.jp

"
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- - × ( Ina >
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-
.
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T En,( H - Enltl
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pataaeahbn they
"

in - i£¥p= - ihttx #



.
Consider : Bloch e- in small E

'

field

choose AI=- E 't so E'=
.2fEre

tried "

gauge potential

H=CF÷emEH'that→ He :(Etztmridttv #

with E 'lH=k '
. eE¥

Helvie
) =

EE
'

lye
's > n= band index

Velocity :

FE=<4nHF÷l4r⇒=<uElF¥tiµ⇒

=t on.lt?shheluECrD
Asbefore,

except here : E'=E' HH evuyuhu .KEN> Emmi've .ir,
> + it

Etoettiztuiisiiloei
p

m #a -

adiabatic theorem Erin - EE

±iE=euEt¥a¥¥lu⇒
- iEE⇐#n÷¥fh÷¥ueEe⇒.FI?EYE



now :< uiluri > = s
"

⇒ k3¥nHu⇒= - fuel }y÷n
.

< ofthe lumk > = Erin 8m±PyI
fukmsenmtkunltkhlu

;

+ Fire ku¥lF*uE >

=

Been
, snm

⇒

TUEIDIIH
,key =

a eenksm
Fri

+ ( EE - Enel thenturn )

We thus have
: iii.¥T÷¥

.

iEfDa¥u⇒uII÷s
- h

. e. ]
Now: FIDIKE'n=- i#Eilx #eiun )

+ if T
Ii× F

'
'

=

lfat
.

El - ( at EYE±ikizio
"

thus - < srunltfiun > ) and iii.  a¥

⇒ tie ¥F¥rI- e¥'×E 't Incite
"

1 Et → Hall effect !
even if Bt = 5 ' !



In general ,
if Bt and E→ to

'

:

E=tg De Eei+K÷x€ New term !

Ei
. Tfixa

'

Ari'

= . EE
'

- eE×B
'

"

B field in E
'

space

"

!

Current in filled band : take Bio
' Zd

Focus on spihles,s case ( 5
'

field ) E

'=
/In

/

system
~

- ,

0

j
'

= - e) DEKI ,Vk
F. Ft :3,×A, -2k

,Ax13722 2

E
'

= . effete'¥t£tii÷m¥×I÷
oIF

= If dlk

EE
ext : Hall response!

h ZI

BZ

⇒ of
,

= ¥2 C with CHIEF
Chan number

Quantized Hall
conductivity



TKNN : Thales , .
Kohomoh

. Nightingale -
den Nij 's

invariant

a
,

= i¥ In
tzdetipksryentarxueis

- e. if
I

Sum over filled bands

Note :
.

( EZ
, integer

,
can't change continuously !

Robust

. Quantum Anomalous Hall effect : QAH

quantized
Hall

response even if 5 '=o !

simplest
"

Topological insulator
"

.
F

requires nontrivial conditions to be nonzero :

if uyskl has invasion symmetry ( VIII - E) = Yen ( I ))
and hhn reversal symmetry ( Uk

*
= U.hn = Uk ) then

F=5 '



C : 4 e- in oeha shell half billed
( Etotal ) f

# Grapheme and Haldane model : Tight binding model

for T (pz ) orbitals

See HWZ
.

It In basis feta )

thin. (
° hailRaitto

)

with hlk
'

) = - f ¥ eikiaj
'

¥ . . ) + i slink . )

⇒ He = - + §
,

( oxuslkiajt- o >since
.aIl )

Energy spectrum : Elk
'

) = ± 1h ( k 'll
Bz

. ,

a
n

E¥7¥Etl¥#*-
K

tq
,

E. HE ←
'

KIE



p
out of the 6

.

Two in equivalent Dina . points at

TIEIHKE
'

'

. -

E'=fI§÷,¥¥'if"?u¥
.

Fill lower band : Ef=0 Semi Metal

-

linear dispersion

.

E'= 1€tsk
'

: ECKI =±t¥18kT with y==3zt£
RCE'

) ~
. Ave ( iskx - Sky )

⇒ Hail = - five ( 8K×o > + 8kyo×)
-

Dirac Hamilton in !

K×←s Ky by th notation

.
Near II

' '

: HCE 'l= - Are ( 8K×o7 . sryoxl
Ip " judley

"

:

( different
"

helicity
" )

2×2 KIK
'

p

. Low energy physns 08 Grapheme = 4
-

mass less

Dirac fermions

.
OZ term : protected by A # B

Ex : Boron Nitrite = BN ⇒ same lattice
insulator

.



Spch II. Th '

1.Density of States : gfE) dE=&x2xtfzolgkn
2h

3¥ IKKE=\ gcE)dE=?f(zTz)T# de

⇒ gl El = 8- IEI ( vanishing d. as )
9tFa2 ( b. k¥1 here )

. Different from usual Fermi liquid !

Can't use Sommerfeld Expansion ( No Fermi Surface )
to

ECT )= ) DEEGCFI
- a He

= .f°deg# [ 1-

"

Elkin

]e+.fIe
Effete

= .§°dEg⇐sE- {
degfef.pt#tfoIEE+8elpEh

¥ = dcifngnpaenft ( because of low energy approx )

= Eo + 2§dEY÷dekp¥ sina.ge#=gfE )

= Eo + C T3+ .  . .

X= BE



⇒ Cu ~T2t Fermi gas
with

Fermi surface !

.
Can we gap out Gnapkene in a topological way ?

Guess : huk sublattiu symmetry ( A as B)

H + Htm OZ

ECKI =± fez
'

but trivial bands
. - .

.
Need to heek The reversal and sullattice symm :

"

Haldane mode '

"

EL
'

- , ,
( Nobel prize 2016 ! )

car.

i.e.
.

Chaz t 'e±i4 hopping

between A # A site
,aj

'

B ←$B
Harman

• Has
a Chun insulator phase with

"

edge modes
" !

(
"

Quantum Hall without B field
"

)

.
Realized in cold atoms ( Esslingen group ,

2014 )



.
This modifies the low energy Dirac Hamiltonians to :

Hail
= - five ( 84,07 +

8Kyo×)tKt3rt'
since )ot

It
point

H (E) = - Are ( 8K×o7 .
8Kyo×H(m-353T

'

since )oZ
In '

point -
"

mass
" term

.
We can understand the phase diagram by looking at the

Lange
in Chun number : M → a trivial phase

,

C=o

( Not C directly ! ) 4>0 Oxyto

.

Atm= 353 t
'

since
,

It
'

gap doses : masss > o → mess < o

0504 term
,

- FE - tz → c
,⇒

.

. +12
have  =/ signs ,

C = - lzsignlm )

=) DC = + 1 t o×y=÷
.

At m= -353 t '

since :# point gap
closes

,
mass > o → mass to

CE=t{ → C= . {
=) D C = . 1 ⇒

Oxy
= ° again

^ mkost '

oxio.ge#~a**9
→se



# Edge modes and SSH model

What 's special about topological phases → edge modes

!
Let '

see this in the simplest example of topological insulator :

Su Schrieffer Heega ( SSHI model

air
. Sv

( a .
.

Model for plyacetylene :

KIMMY? spacing

between
two A

ttst atoms her .

We solved this model already ! (phonon ckaptul

f
choose sign of f

Pekerbinstability

EOHA =  +4--84$Y±HtSHqBEHQB = +lttstlohattt-Stlohtf
,

www.ekiil.ir
.

Hk = (
°

+4+84+4
.

site+Hat)+(
hgyetika

"

o

)
= [(ktstltlt

.Sttwskifoxtlt - Stlsinkaol

=dtkl
.

E
'



r

gap close
,

TL Insulate if Insulator

⇒=j#in
" 's " as ,.

t Phases of matter !

E±=±-=
.

If #Stptlt - Slept zlttstkk . Stlcoska

ka=t :

E±=±T(2StF=±2|st$
Eigenvectors : lK± > = ¥ (tejildkl)

$(Kl= arakn ( Ct- st ) sink .

T%l "

tsunami )
y different convention here ^\d×( K )

A. =

+
ikktofhlk . ) =  

+
E dfh

Topological invariant : W=§z%dt÷ A
.

= ¢(tkl=k )
2T

dylk)
"

winding number
"

^

steost >
on .w , E :

IN>
d×( K )

veto
,

KEI Keo
as Evans

around BZ
Topological : winds around origin !



We 1 if E circles the origin :

StkoTopological

=° if E doesn't
,

St >
or

Topological invariant : transition for 8t=o

(
gap closing )

Edge mode , St → a ( take t= 1)

Dinner
'

E÷
:c

III
. II.E÷ .⇐I

A B A is •a b •a ; ; ;

St → -
a

• IIIIIIIt :⇐€ .

A B A Is •a b •a s of B

÷
pained sites : edge modes !

Continuum version : Focus on K=tI+q , g
small

the [(Ktstltlt . Sttuskifoxtlt - Stlsinkaol
in -

- wsqa± . , =qa
= 28k 0×ttqaoY ( take Stkt )

.



q → -

ih2×
: H = -

ihy=2×oltmo×
t I

Y== to m=2St

Dirac equation ( again ) with m < 0 for Stro

Let's consider a Domain Wall ( DW ) :

÷a⇒pst.E.psie.at#sin.ijI=.ii.=.iiA B A

- -

region with St > o §
"

region with Stro

Trivial free Topological
"

Zero
- mode

"

Continuum version

mm°=×
mko

Look for Zero mode :
H # = o

⇒

ctivh2×4=0×4×11



⇒

tire
2×42=0

'o×mk

) I

÷OZ
=)

2×21=-02

M¥-1 I
a-

We find : LIK ) = C exp

f0tf×muY¥dx)4Id

A

= cexp( +

f×m¥,d×)(°
)

n A i

\ [

eigenvectorof

eigen value - \

,  \

0

⇒ 41×1 = C

expftfxyulxtdx
) (,

)

. Exponentially localized solution
,

near DW
.

.
Exists only if mk ) changes sign !

( Otherwise
,

not

nonmalintafdelgyp
*

*


