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Variational calculus

2nd law
: M = -

ÑV for a single body of mass m, in a cassava•

- five for É= - ⑦v

2

on in components md¥;= -2¥ (here :i=✗,y,z )

now write :mii=mvi = ¥.
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We 'll now see how this equations emerges
in much more

general contexts
.
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E-nat.at : Function 1- I[ f) C- IR
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Variationalcakulus:
Goal : find functional that maximizeCst (minimizes a certain
functional .

eg :
Which curve gives the shortest path between two points ?
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functional
function !

i= ! - . ., d.

•
Just like to exfremize a function ffxl , we find ✗ such
that f'(✗ 1=0 (derivative = o ) ,

here we will exfnemize

I[I' (8D such that SI F- 1
,
. . . ,d

SIR,
= 0

[
= Functional derivative

É (8) = (8) + 8×-481 =F§¥s×:(81
-

=[ÉcxD=I[ñcrB+fdr§¥oi⇐Mt0¥×[ definition of 8I
"

Taylor expansion
"

for functionals !
we also have

: §¥y=fi%,→I☒""⇐'¥=×f



④

Let's compute this explicitly :

I[ÉCH]=/
"

F[ I' 181 t 8×1*1 , €181 + SEND D8

Taylor expand
&

=t f
"

f- Fikri,# 'crit ⇒;
8×7*2-1=-8×761+06×+4)dr
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Jp
= Illicit / d✗[ 3¥,j , 8*+1 t}¥%¥sñÑft . . .

8i ✓
integrate by parts

boundary term = 0 if we assume 8×48,1--8×-441
= 0

⇒ IIÉ ] - I[*]=f%[?¥, - ¥fZ¥D .SIKH
.
. .
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⇒ §¥*, --3¥ - ¥1?-¥ ) ( * :&
,
# here )

IIIYH] is extnemizedby I' (8) satifyirg :

?¥(✗THñtH=¥¥¥lxTrtñf " ""
Euler-Lagrange
Equations
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Two
- line version ( single variable ) :

sffdrt-k.es/--fdrffE-sx+3Esy-/;Jsx--Sdr(?E--¥13 1) smh
¥

8×181

④An important theorem :

Let F- = I
' !2F
⇒ ,

- F. Then = -2¥
with I'(8) such that SI = 0

if }¥=o :
F- = Const ( first integral of the

Euler-Lagrange ego-hbn )

Rod : d. = 1¥. ?¥. ) - ¥,
= Ñ

"
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Example ;µy= 81×1 Length of curve :
I = fFF+É=fd×Fp

F-( f
, f
' ) = JIFFY , indep of 8 and ✗

F- = f
'

}¥ - F = const =) f-= const

=\ f= A✗ + B
T

A. B fixed by boundary conditions
. shortest path
= straight line

Eula Lagrange : ¥1?É,) = ?É=o =\ 3¥,= wrist.

④ Constraints ( intro : we'll come back to this topic
in the next chapter )

Eixample : (without functionals ) . Suppose we want to

extneemize (maximize in this case ) ft,y ) = ✗+y
subject to the constraint ✗

'
+y'=\ .

Introduce : FIX
,y, d) = ✗ 1-y + d(✗4-ye - 1)

[ Lagrange multiplier



⑦

Extnemize F : §F= It 2×d=o

2yF= It 2yd =o
2,1 F = ✗

'
+
y
' -1=0 : constraint !

=\ ✗ =
y = - ¥ and ¥ =/ ⇒ d=±Yrz

⇒ ✗ =
y
= ± Ez , t sign : maximum

- sign : minimum
.

More generally : Functional IET =/D8 FCÑ,#-)
1- constraints : ① Qicx] =/d8q(ICHI = o

i
i=l
,
. . .

,
# constraints

② g. (IN )) =o ,
V8

.

Modified functional : ① I = It :[ A- Qi =I[*,Ñ]
② I'=/D8 (Ft :[ king. MY

y function of
✗ in case 2Euler Lagrange equations : F-

= Ft F. dig ,
.

3,4=+7%9 ;) --¥P. / ⇒ ÉPÉE. ) -3¥ -- Edie!
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① dI=o ⇒ Qi = 0 : hi not a function here
DX ;

② §µÉ=o ⇒ g,=q;(81 = 0 ( constraints /

Example
µ:\. Lj flexible cable suspended
→
×

: by two points .

✗A 7=81 FB ( catenary problem /

mass/ length

Minimize potential energy : F- = + got/ydl
forget units : minimize I =/%× f✓¥'

✗BXAwith constraint :
Q = Jdx ¥8T - L

✗A ( Length fixed ! /
✗
B

I=/ dx ( loti ) I - IL
XA

Let F- 8th : exfnemiz-efff-idxt-F.it
indep . of ✗



⑨

you
'll |{ extreme ite an identical functional in the problem

minimize

sets in the context of soap films .

See HW : 3 constants ( including d)
fixed by boundary conditions h= ftp.t

= GKB)
1- constraint Q= 0 :3 equations


