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Let Ñ=m¥§
'-
' '" ten of mass

and lm,+m,)Éi=ñ ( center of mass ~ free
particle )

⇒ I' = R' + mm÷mñ , E- Ñ - 1¥
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N.am
.

= m.IE/Fm?;-m.i-i)---I-vtr1
⇒ mÉ=-VE
I ↳ its

= ?Ym
,

=
Reduced Mass

=\ Effective central problem with particle of
mass M = Mimi / (m

,
+mz)

Energy : F- =tzm.vittm.ir?=tzCm?T-mi)R*ttzmIZL=EMR'"
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"
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④ Effective Potential

1 particle : In spherical coordinates

o.ee
.

⇐

É=FG central éi=I
force kill¥
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• Central forces are conservative : ✓ = -[Ffildr -
•
For central forces the motion

t.akesplace-apae.FI
.
- ¥VeI ⇒ Tongue F'= ÑxÉ= 5' since 5×55=5'
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⇒ dé
'

g.
= o with É= 5' ✗ mi = §

"

constant of motion
→

⇒ J
'

E plane f- to lo =) motion is effectively 2D !

Moreover : F'= I?
✗ m / to = mid ézto to

⇒ Ño=cs1 → if ^ small
,
•
'

large
constant of motion
(angular momentum )

Equations of motion : man = m /
Ñ - no'

Ziona
. =/ -4¥,(from 2

"' law / 0

⇒ 2nd + no =L d¥¥ = o ① we recover rid -- est

Let us get rid of a- using
O' = &

Mr 2

⇒ mli - no-4 = mñ - nm ?÷, = - ¥

⇐ moi = - If + m÷ = - dude
dn

with VeppG)=VGltL Effective potential

we've mapped the problem onto an effective one dimensional

system :

Mri = - dV¥b ⇒ formally solvable !



④

This equation can be integrated once ( conservation of energy / :

tgmn"tVeppG1=E= Id effective
motion !

F- = tmtit + v61

= Izmir
'
+ redial

④ Kepler 's problem
so the first step is now to plot Vefp (a) :

E± : FGl= - ¥ ( gravitation - GM, ,
Coulomb ke 9¥)

✓at. -¥ ⇒ Veeee -- - + Ei
•

Note : F- 7 V.ee for motion to take place

.
Circular orbits : r (t) = no

011-1=0
,
t Iolari

with Vegf
/
(ro ) = 0 = + Kg - f

'

⇒
⇒ no __%Ymk

Period : To : lomT÷=2ñ ⇒ To -_2ñmm^¥⇐=2ñ✓TÉÑ
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E. - - - -
! E > 0 Unbounded motion

F-of E- to : bounded motion

F- = Eo : circular motion : 5=0

Shapeoftheonlihs : ACH
,
OCH ⇒ slot trajectory

( forget the dependence/
.
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.
. -51¥

.)
'

- n=mp÷FH
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this equation is a bit nasty : nonlinear and second order !

To solve it
,
we use the following trick :

U- Change of variable

E. = Ei = - I. ¥

:÷=¥l÷÷) = - ÷¥. + ¥1 :¥5
⇒ :¥. - :-(¥1

'

- n -- - I. ¥•.tl#:-y--2xE*-:-i '
= - to / to !÷+Y=§⇒.

1=1%1

⇒ ¥÷+u= - go.FI 'll "

Harmonic oscillator
"

with driving force
-

II. 1=1%1

keplapn.lt#:F---kfp= - Ku '

⇒ ¥gtu=m easy !

← general solution of homogeneous
equation

⇒ v0) = m¥ + A cosfo - oof

^L particular solution
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Let d- = - m¥ of
eccentricity

⇒nld=÷o
•

E is determined by the system 's energy and angular momentum :

E-
- Emit Vesoul = Em ftp./d;gj-K-tE

'
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= . . - = :¥kH⇒e=F¥¥÷:÷ :F- to : ETI

E-
- Emin : E--0

Orbits :
For the Kepler problem

,
the orbits are conic sections

(= hyperbola , parabola, ellipse , circle /
Def : Given a point (bows ) and a line ( directrix ) :

PE conic section ⇒ DCP
,
focus / = E d(P, directrix/

directrix 1

d( P, focus) -- n

""ii.*⇒""•
A = Ed t Er coso

⇒ D= Edl- Eco-so

E : Circle : d→ A
,
E -s o

,
Ed -. no fixed

F- = Emin -- - 1¥ ,
A- E.Ymk : ro

circle !
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: parabola (F- = o ) : d. = n ( 1- coso ) = r - ✗

⇒ (dtx /
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'
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= ✗4- 2.✗It d '
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^

>
⇐ Safe
= Ea
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:
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← minor
E -1-0,1 : Ellipse /hyperbola axis

major axis-

Corexit E> 1
Eto E> 0

Ed -- n - reuse = s - Ex ⇒ E'Cdtxl! r! ✗'+y
'

= EYD't ✗' + edx/
⇒ ✗

' ( 1- EY zzde
'

✗ 1- y
'
= Eat

⇒ (✗ - 9¥) - e'd
'

Fey.
+ ¥, =

⇒ G- e¥j+÷=:¥U+÷&¥i
H - E'ellipse

*Eti : + ¥ = I I= ✗ - Hosed)

a:{¥, ,ei=¥:( e--Fei:p
~ hyperbolaE > 1 : ¥ - E. = 1

, é=E¥ (•pent
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Kepw

① Planets move in elliptical orbits about the sun where the sun
at

one focus ( Moss mplanef
,

: see next chapter)

② The area per unit time swept out by a radius vector from
the sun to a planet is constant :

50 = cst : dA=t n' do so d¥
.

= est

sake

③ The Square of a planet 's period is proportional to the cube

of the major axe] of the planet 's orbit .

T

Proof : dd¥ =¥ ⇒ fit -- T = 2¥ d- over a period
0

A-
- IT ab for an ellipse

with Ed -
. link=ñY¥k

= IT a a ✗ IFF ⇒ TE4pm÷Ñ=4§÷a4(1- EY
and Ed = all - e4 -- link =\ T'=4¥
FE
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⑤ Integral solution

Let's take a step back and solve the problem a bit

more systematically :

F- = Em -5 + repeat ⇒ ±t=fÉf¥⇒g,
E-
-
mid ⇒ o=±¥gf¥÷, (+ sion : i >ofdo -

sign 5+0

VeeeFocus on bounded case :

do -_ 2b¥/
""

d

%
.
;oEÉj ✓'

Amin "
max

Orbit closed Iif : n DO = m2ñ
, mm C- 21

( Exceptional case ! Kepler problem , harmonic potential)

Dimensionless variables : f=% ,
e= EYE

, ,
, T=HTo

no = f%m ,
Eo = - mk

'

Ipe 1
To = 21T Es
FK

o=±f÷É~i, aaosfle
"

- 'KEITA
t
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"
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④

f-
'

= I - JIE ↳so orbit

↳
{ = Fte ⇒ F- = Em:( 1-E4

Time Evolution -

: can be used tot=±¥f÷Eé express fltl in

parametric form
.


