
①

Lagrangian Mechanics

⑦AI-ionand.EU/er-Lagrangeequation-
For a given physical system, we associate a Lagrangian

L
P T potential energykinetic

energy

we then define the action of that system between fines
ti and to :

S=/
"
LCÉCH

,
# (f) / It with ÉCtil=I!

I' ltol -- Ii

Principles : Physical trajectories are those

which minimize the action
.

Based on the previous section
,
we find the Euler

- Lagrange

Equations : z¥-¥l¥
.



②

•
Turns out to be crucial for quantum physics , statistical mecha

-

Tis etc
.

•
The principle of least action goes way beyond mechanics !

e.
g :

the standard model of particle physics is formulated
in terms of a Lagrangian !

•
Even for mechanics only , this formalism is very convenient :

④ Since [ is a scalar quantity , and is built out
off first time derivatives only , it's straightforward
to implement changes of coordinate

④ if 2¥.

-

- o then 3¥. = est : conserved quantity !

RECiP
① Find how

many degrees of freedom (A- of independent variables
need to describe the system ) the system has

.

= 3N - # constraints /
T TD=
} # of particles

② Choose an appropriate set of generalized coordinates

9 , ,
i -- l

,
-
. . ,
M = # of d. o

. f.

③ Compute Llq. / 9;)
④ Write down the Euler-Lagrange equations :



③
conjugate
1-
momentum

?÷-¥(¥i 8¥
.

-

-
o
, Pi -- I

aqi
is conserved

④ Simpletons

① Central Force : ✗ = ncoso ( in 2d
,
see next

y
= n Sino chapter )

;¥÷" iii. i' + i= iii. ño
"

•
L -

- Em fit n' a-Y - v61

Now L doesn't depend on 0 : Po --2¥. = mid = est

( of course
,

that's just fz : angular momentum /

• Equation of motion : ¥ }÷ -. (mis ) --2¥ = mso
"

- V61

with po= f. mice
-

- est
2

⇒ moi = m# n - ✓
'G) = l

'

⇒
- ✓ in

t
can he absorbed

in ✓→ Vepf : next chapter
② Pendulum attached to a support free to slide horizontally

( without friction )



④
ay

④ 2 d - o
- f : ✗ and d

M can move in Id¥;µ× : ⇐ µ g.×,, sin,, pen,,.m .

if ⑦ Ty = Mz XZ

④ Pendulum mass : ✗ = ✗ + l since

y =
- fcoso

Tm = El to loose )
"

t Eff since ✗of
= I 1- Ziolwsot d't)

Potential
energy :

✓= mgy = - my Poso ( Yy -- est
= irrelevant/

⇒ L= mt¥✗
'

+mzfzidfwsoto.lt/-mglwso

Equations of motion :
✗ : ¥

.
p✗=o with p✗ = }¥=(mtM/it mcéfwsd

= est

0 : ¥.fm/ilcosotme'd/---mio-esino
- mgf since

⇒Éi + me'é



⑤

⇒ I cos of PÉ = - g since

with X = PI - gym a- pao, ,] Gives a single
equation for a

Mtm E- ↳1-1

③ Non inertial frame

R 2¥ R
'

.
Free particle with L=tmÉ"

Éi i:#
.
What's the motion of the particle

with respect to R
'

,
in rotation with

angular velocity ☐ = wéz
✗ I ' around the 2- axis ?

EI
'

= coswte-itsinwtejww.ws- =/ Ix /Itejr = - sinwtéi + out ej
'
⇒ ¥ #

'=/""""t.wsi.at
t
o

= ñixéi
Same for % .

⇒ 5
'
-
-
✗
' eIt y

- ejrtt
- EI.

= i' ii. +jiéj. + iii. + I' ✗ (✗
'

¥+55.1
F- Ei

L -- Emf i-w-xn-YI.im/n-ii+kExn-i-T
+ it :(ñxñ 'll



[ implicit : Einstein ⑥
13,8 summation

[ convention 2

Equations of motion : L -- {ME ( II + Spy Wp ✗f)

( ijtegsgwpxj )we have : 3¥;
• 53¥:-. so

= m ( '
+ at ✗ ñ'

- Is
2L

⇒ ⇒
= mfi' -+ uixñ)

3¥. = ME Epps 2×5 ( x-jtexp-s-wp-x.it⇒
✗⇒ 8=8 ↳ 88gftp.p-o-fm
Esp, cop if - m Esp✗wp Ex p-jwp-xftx.p.si

=
- m (Eu ✗ É 't ✗ ( at ✗ i' 1)

g § summed
over !

So : I
ai -

= :# 13¥) ⇐

g.
centrifugal force

m'=-2mwÑ✗É'-mÑ×(w×ñ
not ↳

Coriolis " force
"

ñ→i×ñ
↳ at

✗ 15
'

✗ 5
' / points outward

, away from
WT



⑦

y
more on that later !

4E
'

- x-j.tl = fixed
④ Rotating Rigid body

M = Mass of solid
C : center of mass

¥ l = dish C. 2- axis

£\ M I = moment of inertia w.at. Z

fixed 8
✗

Solid can rotate around 2- axis only

✓ = - Mj . Ñ Ñ = center of mass
position

=/
e-so

g.=/*afsince

I
0

g cos ✗

V= - M gl cos I sin ✗ ( min for 0=0 ①)

1- = ? Emi
'

= tÉ = { Iii

moment of inertia
,
f- = distli

,
-2)

Lt = [ f- Miri = F. mi f 'd
= It

( = { I -02 + Mgl cos 0 sins

IÉ = - Mglsina since w? Mgl
I

small oscillations
,
OKI



⑧

④ symmetniesandconservatioo.la#
Noether 's theorem : Related conservation laws and symmetries

Def : Ffdqif, tqjf , t ) is a constant of motion (on conserved

quantity ) if and only if :

1¥ -

- III. i.lt/t3gF..oiilH+2tzT- = 0
with q.lt) satisfying Lagrange 's equations .

Claim : If [ doesn't depend explicitly on time
,
then

H=jIqj¥g ( if we write Pj : ?¥ ,
called Hamiltonian

,
see later )

is a constant of motion = Energy of the system
Time translation invariance ⇒ Energy conservation

Rod : 4¥ --Eqj¥;tij¥-1¥;) - K-q.ir?.g..Ij
←

- 2¥ =o by Euler-Lagrange
↳ = o by assumption

.

Read : if ¥j=o then Pj = ?§g. = est



⑨

Noethenistheonem@i.Soppose we have a one
-parameter

family of maps : q.lt/-sQiG, f) SEIR

such that 0,6=0, f) = g. (f) . If this transformation
i

is a continuous symmetry of the system [ that is,
if LCQils.tl

, Q.ils.tl , t ) doesn't depend on s] , then
there exists a conserved quantity associated v4 this symmetry
-

Read : Is = F. 2¥. 2¥ 1- 3¥
,
20¥ = 0

evaluate at s :O : 0=3%1
. . : ? }÷

.

?ls=i¥%%÷|s=
.

E.L
. equations

± ?¥(¥q:/ '¥1s.→t3¥¥P¥k
.

!
= .¥[ F. 3¥. ? 1%3--0

lsconstantobmot.io#F-xample--.Looks abstract ? Let's make it concrete !

④ Homogeneity of space ⇐ translation invariance of L
⇐ conservation of total linear

momentum
L = E ? mini? - I v45

'

- I'll
j >i



⑤

has translation symmetry : # → F' + sñ
'

,
SEIR

any ñ
' ERS

Let's apply Noether 's theorem :

conserved quantity = ? }§÷ .
Ñ = [ PT . Ñ conserved

trñ !

Follow from translation⇒ ?P?='
§ µ, n.me#mi~-i

"" !

• Similarly :

Isotropy of space ⇐ Rotation invariance oft

#-) Conservation of total angular
momentum

Eñ×pi-← I = total angular momentous

Ploof : infinitesimal rotation : I → Triton'×Ñ

j
" FF

115TH = HIM to leading order in 0

. Conserved quantity : [
2h

i 2¥
-
(Ñxsiy

= [ ñ" - Crispi) = ri.TL
i

[ angular momentum along
ñ
'



①
invariance under

Homogeneity of time ⇐ 1-→ 1- + c c. 2+1=0

⇐ conservation of energy

proof : F- = T.iq?L--L:d.,E-----3E-.o
Troi;

E conserved !

⑧ Constraints

Often we have to deal with constrained motion
.

E.
g
: Pendulum

: In Newtonian mechanics
,
we have to

introduce a

"

tension " F
.

✗ ;÷Ém Constraint
: l! ✗'+ y

'

1m£
set ✗

=P since

y
= - Puso

m / Ig.
= f- Tsin O = - T Xp

,
on in polar coordinates :

+Tcoso - mg
mfi

'

- no
"

pj
. =/ -TtmgcosoGoing.im/-lo-2-mngsiao

=) É t 81g sin 0=0
F- mgcosotmfo

' } "^ get quick complicated !



④

Holonomic constraints : f{,t)= [e.
g.

✗Fyke :o)
I

don't involve ✗ = 1
,
. .
.,3N - n

velocities [ # constraints
on inequalities

can be solved using n generalized coordinates q
,

,
. . .

, q
,

In degrees 08 lreedom) [eg : q=o]
Let's introduce 3N - n new variables : ✗

✗

Lagrange
multipliers

ignoring constraints
I

Lagrangian : 1- =L (Hili.is?...jiwtltEbfGxiit/
• treat ✗

*
like new coordinates (see previous chapter /

2¥
,

=o
since L doesn't depend on it

,

=) f✗( DX; { 1-1=0
So we recover the ⇐onstnaints

.

• Equations bonxi : ¥13T ) - ?f=EdidI
942€
Example : Pendulum

again :

t.fm/-x'ty-Y-mgytd(x'+y'-f4=nstEi?&=o--1x4-y'=-f'

e. o.cn : MÉ = 2h ✗ ✗ = - ¥ in Newtonian

my = - mg + 2dg approach .



①

So we can easily incorporate constraints in the formalism ,
but the good news is we don't have to !

We can work dineafy with generalized coordinates :

eg : ( = tzm to
"

+ mglcosd
TT T

-✓

⇒ me
? É t mglsino = 0 ①

l' 11

In general , can
think of generalized forces :

Veep = - d f( I
'

l ⇒ Éee= + dÑf

Atvuoodtahine
✓
= - mg ✗ , - mgxe

L -
-tzm.iittzmzxitmgx.tnmgx.jo?..Ix.

✗if
;
,

+ d(x,+x, - c)
C-

- X
,
1- ×, =

constant

Modified Euler-Lagrange equations : f-- X,t✗z- C

E. 1¥;) -- m . =3¥+×¥×
.

= ng th 111

Mz É
,
= my 1- d 121



④

and ×
,
+ ×
,
= C ⇒ É

,
= - Xi

⇒ (m,tmz) É = (m
,
- me)g ( subtract :(d- (4)

⇒ j
,
=
@ i -718

= - iz 4=0 if m, -- Mz)¥
mfiltk ) :m

,
: 2m

,
m
, g -1 (m, +meld = 0

⇒ ✗
= -

2m
, mzg

Example : Falling ladder

y coordinates :X
, y, O

C.o.ly
.

18
F- {Mliitj

'/ + { ¥-02
•
(×,y )

of
moment of inertia
relative to center of mass

✗ ✓
= Mgy

Constraints : ✗ = tzfcoso y = tgl since
←
contract along

L= tzmliitiilttz.to
"

-Mgytifx - tkosol
""

+ d ly - tzlsinos
"
✗ contact along floor



⑤

Mii = A
+ ✗ = f- Cosa

Mj = - Mg + Xz
y = Iz since

I 0 = 12 ( X ,
Sino - Xz cos 0 )

we have : X
= - ¥ since

,
I = - since - ¥

"

cos o

y
'

= ¥ wso , y
"

= LIZ wso - since

⇒ d
,
= - ly ( since É t oso -04

d
, = ¥ ( cos o o -

since it) + Mg

⇒ I = 12¥ f- É ( coiotsiio )) - Mglwso-2

⇒ (It 1¥ ) 0 + 14¥ cos 0 = 0

TFinertia tensor about end = Iat M (f)
"

(see chapter on rigid bodies I

Multiply by is and integrate :

F- = 1-2 I
' O
"

t 14¥ sino = MIgl since, ( energyconserved! )



④

a-
'

= Mge(si¥_si ( can be integrated :
"

solution by quadrature
" )

now : d. to) = - lmzfsino •so Mz¥, tcosomgels.no.F- since))
= l¥÷s_ cos 013 since - 2 sing)
X
,
= 1¥ f- costs M§¥ - since 1¥ Gino

.

- since ))
1- My

= ÑÑg ( - cos'd -2 Sino since, +3 since - since )
FI

+ My

= e 'm '

¥8 (3 Sino -
2 since

. / since + Mg (1- eY¥ )
-

III /
Detachment from wall : d

,
__ 0 : sin Id = G-sina.dz( od ) : MGIII , > 0

time to detachment Td = )%É = . . .

*



④

Motion after detachment :

ME = 0 =) I = constant = - fzsinod 010=0,
= - f- sina.fm#TsiE--sio-o)~-siiEoo
and { Mi't Mg =D
IÉ = - Elias o 9 = tzlsino

y"=l¥ wso - since

⇒ D= Mg + tzlcosoié - since d)
It = - Mglwso

-2
- 17¥ ( cos'd É - eososinoo)

Integrate :
F- = Iz (It 17¥ wszo ) is

"

+ Mgl since
2-

set by initial conditions at 0=0,1
1-
= Td

again
② (t) can

be solved by quadrature . - .



④

⑧ Motion of a charged particle

=
ÑXA'

⇒

[ = Emit
'

-91$ - ii.ATE-
'

= -15¢ - ZÑ t
change q

•

momentum : p' = }¥ = m +q_Ñ
new team

.
Eula Lagrange : ¥1m + qA→ ) = - qto-i-qTTG-i.AT
⇒ m = qlÉ + E' lñi .AT - G.E) A-

' l

t
and Ñ (F.Ñ )

;
= ij ?. Aj

dI÷=2+Ai
LÉ.TT/Aif..--ij2jAi 1- ii. Iai

term
: xj. (2iAj - 2jA ;) = (ÉXB

'

)
;

-

Eiga Bra

⇒ mÉ
=

q
( Ét I' ✗ BY

Gauge transformation : of → to + 21.x
A-
'

→ Ñ - DX ,
ÉÑ
Unchanged



④

L-sL-qtds-xti.DK/--L-qdXdt
S → 5 : action invariant

, equations of motion

unchanged .


