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SmallOscilkti
⑦ Single particle
a) F-quilibnium.stabi.li/-yandsmal1osciHatif

•
Focus on lol system for simplicity , conservative

• Equilibrium points :ÉGium points ¥×t¥
✗ (1--4*1--0)

No motion if we start from these points .

•
What about if we go slightly away

?

✗ = ✗
*
t Sx with SXE ✗ - ✗

*
Small

Taylor expand :
µ
Cst

01×1=04*1 + s×¥*, ;%¥b"ih
" 0b¥

zu "l**lt . . .
e- 8¥ U "lx*l + Cst

Ig,
= -

U "(✗
* ) SX → looks like

a
F- = - ¥

, g-
du

Spring if U
"
Who

dS×=dx

Equation of motion : m8É--U"C✗*)S✗=



!2!

We need to find two independent solutions
.

Look for
exponentials :

try edt : m x't U "Cx* ) = o

⇒ x=± .FI#
so if U "(x* ) ( o :

Fey x=±F×*I"'=±x*M

:
) 8×=Ae
'
×*t

+ Beat
x

¥
initial conditions : Sxo= At B

8'xlf=o)=o . - d*AtB×*
=\ A=B

⇒ SXCH = kg (e×*t+e*t ) = 8%asKx*H
=) diverges as

t → to : assumption of small Sx breaks
down !

=) UNSTABLE ( moves away from ×* )

if U "K* ) > °
u ×=±ifkI0" =±iw.

on¥ wo?U"#x)(siitwosx:o)
1 m
:

s
¥



③

⇒ e±iw! solutions on equivalently coscwotlandsinlw.tl

⇒ 8×14=8×0 cosfw.tl/PaiodT--2a-FF*, )
⇒ STABLE

.

Oscillation around ✗
* .

Approach valid for 8×0 small
,
otherwise enharmonic

terms 8×3,8×4 . . . become important .

b) Dampiations
• Add a drag

!:-P
"s """ ⇐ = - "

É,y
.

→ non conservative
,
expect energy loss and damping of oscillation,

mi = - 8£ - Kx =) É+2pxtw}×

•
Look for e solutions : ✗ Zt 2Pa two? o

±
✗ =

-P±FÉ

.

+ ☐ e.
FEET]

General solution :
-Pt[AeFt✗ (f) = e

Three Cases : .
W
"

> p? under damped motion
• pi g w' : over damped motion
. B'= WI : critical case



④

%ad.mn.
Phase
n
kit :

w.IR : ✗
±
= -p±iF *

✗ (f) = e-
A- [Aeiwdt + Be-iw.it]

=
C e-

Pt wsfwdt to ) wd=F-ñ

→ damped oscillations

=
: ✗ (H = e-

At [Ae- W
't

+ Be + w
- t]W'=p

'

W' = TH f p : decaying exponentials

wP
'

: ✗ (H = ( At Btl e- Pt

[ additional solution

c) Periodicdnivingbones

EI : F = - Kx - 8 i t Fo ascot



Beef
,
we. 'E,A=Foh50

=) mI= to coswt - Kx - xx' =\ iit Zpxit wo2×= A coswit

T particular solution
Solution : x(H= xc (f) + xp (H

wmpletmeatmy solution : RHS=o
(" homogeneous eq

"

)

. x. = e-Pt[ A. etui 't + A. e-Fit]
( see previous section ) ↳ describes

"

transient
"

( decay to 0 as t >> 15
' )

.
Particular solution : try Xp = D ws (wt - 81

4 same frequency asthe drive (Linear eq !)
Trick : write ×p=Re[ D- eiwt]

,
I =D Eisec

Awsut = Re [Aeiwt )

⇒ [ w't zpiwtwoif D- eiwt= Aeiwt
A

=
@
.

'
. w
' ) A - i2pwA⇒ D- =-
-

wo
'
. w

'

tizpw (won. wy
"

+ 4piw'

D= ldl -w.tt#*fE.,tans=2wPoI.
↳ "

delay ; Phase
difference

× ( tsp
"

) ⇐xp Ct) ( steady . state solution)
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:Wwf"Io±IyqEE÷n÷
.

=s#w¢(wrtwo4t¥p2wn/=o
=) wr= ✓¥5 ( if P> wok : nneosonana

D decreases monotonicallyw/ w)

Quality futon : QEwzozf ( Q-' • 8" I.IIp.mg )

Principle of superposition

#÷t2P#

two
) ×= A aswt =

Fftym
.

[ = Linea operator : [ ( x,t a) = [x. t [a
if [×

,
= F

=, [ ( x. x. tax, ) = ×iFitaE[ xi = Fu

So ie FCH , In xn cos (wnt - § ) ( RHSI
the steady . state solution is :

xtthtnn.IE#.odwntoiEttaiyEyan



⑦

So we know the solution for any periodic force F(H=F(ttt)
F- 2%

thanks to Fourier series :

•

FCH -
- Lao + [ ( an cosnwttfnsinnwt)

n = I

T

an
-

- If FCH cosnwtdt

°

T

bn = f- § Fltlsinnwtdt

d) Responsetogeneri.fm#neenslun-ions

• Suppose we want to solve :
←

"

generic
"

,
not necessarily

(¥.int?P--ftwi)x--FCH/m periodic

Green 's function method : solve equation for a pulse :

F(H=m 811-1 : Dirac function : felt SCHPCH -_ Plot

8114=0button" Slot __ •"
ngLG = SCH ( G= Green 's function of L

Suppose we know how to compute G
,
then the solution

for a general function f is given by the principle of
superposition :

FIH=/It ' Slt - it's Fett
-

€
"

son ;
↳

"

an
"



y
solution for RHS = 8ft . t 't !8!

so x(f)=f+It ' Glt . H'

FHI
M

- a

0¥ :

[
xltl = Stadt '

[
Gct . t

' )

F→-a m

=FI. )felt. TTM

How do we compute G( t) ?

Fourier transform : ECw1://.tn eiwtgctjGCH . fathereiwtotws
too

note that 5 (w ) .=fdt eiwt 8CH= 1
- o

so in Fourier space : ( w" -Zpicatwo) @ (w ) =/
↳
t
→ - iw

I I
=) £ (w )= --

= - -

w
'
- won +Zpiw (w-wt) (w -wt

w± . -

ipt.ie
( Same frequencies as damped oscillator !/

To get GH) , we need to Fourier transform back :

GLH =

To
t.de

,

EL take 8kW
.

Iw. wt) (w - w.) loon simplicity
(undudamped )



¢ ⑨

if 1- to
,
close contour

in upper half plane
@ og

w -
-Wrtiwtw

-
wt

- iwt = - iwrtt

⇒ 611-1=0 if 1-to

(no pole /

if t> 0
,
use residues : 614=-2; [ e-

"Wtt

¥.

µ step function : 014=1 is 1-7,0
⇒ G (f) = i @ (f) ✗

= - otherwise

e-Pt ✗ 2¥. /- e- i¥ñt+ eiE.it]

⇒ GlH=ocHéPtsi¥÷÷t]
Note : 64--1-4 = 0 if 1- kt

'

by causalityto

✗ (f) = dt ' 611--1-4 FIKY can only depend on

1=11-4 for 1-It
fpiisf

"

)
not on 1=11-4 but

'

> 1-
( " future

")



④

④ Coupled Oscillations

The Lagrangian formalism is
very useful to study

small oscillations about equilibrium points of systems with
many particles / coordinates .

a) Generalttppnoah

L= Tlq. ,&;) - Hq ;) i -
-
l
,
. . . ,N

(generalized coordinates )

= 0 for i= 1
,
. . . ,NEquilibrium : ¥qi{gy={qg*{

Small oscillations :µ¥ 1. = 9.* + Sq ;

92 Taylor expand :

no

91 V -
- V4 , :{It I }Y,*8qj+E¥?÷q.ly?9js9ut--.j

In general , T is quadratic in gig : T= tztijsqjsqj .



war. tii-IFF.li
;÷÷

⇒ yyggg.gg.ggg.ggy.g.gg.gg.y.n-j.ge
?

↳
?÷%4*

Ñ =NxN matrix with matrix elements Vij
should be positive definite = all eigenvalues should be

positive

in order for the equilibrium point to be stable ( local
minimum vs maximum on saddle point)

Equations of motion : d-I = IL
alt 28g ; 289;

⇒ [ Tijsjj. = -
I Vij 89g . i --1

,
. . . ,N

j j

⇐ TÉ= si:| !
9N

Matrix notation

→ Coupled harmonic oscillators



④

Look for solutions : 85
'

(f) = 5
' e'

'wt

⇒ Ftw )'s' + I 5=5
'

\L

C- waits'=É⇒ Eigen system
"

on in components : §. Kj . - w
"

Tig -/ Sg - =o Hi

⑧ In many cases
,
we 'll have Fig -=m§j -

and the above problem reduces to diagonalizing Ñ
.

④ Non
-

trivial solution :
N solutions :

Det(V-w2 → wi, . . . ,wñ
Characteristic Equation

( all solutions are real and positive if q* is a real
minimum )

For
every wk , 5kt : eigenvectors ⇒

"

Normal
Modes

"

General solution : 8J
'
-

-[ ✗n STI eiwkttpks-je-iwr.tt
( linear combination ) [ complex constants

,
fixed

by initial conditions .

⇒ general
"

recipe
" to study coupled oscillations



④

b) Examptes
①

¥m"n•:mim:±

length at rest : ↳ = 43

V= Iz KK, - Lot + § k(Xz - × , - ↳5+1, KIL-✗z- Lot

• Equilibrium : 2¥. = 0 ⇒ ×
,

= Lo
,

✗
z= 2L ,

•
Small variations : ✓ = tzkfsx.tt £ Klsx,- SAY

+

tzklsx.is#E-2fFSxzL-.lzm(sii+8xiY-tzkfsxitsxitCsa-saFf
Ii

°

) Ñ=k(
2 - '

E- f. m - i 2)
Characteristic equation : (

2k- him - k

/ = o
- k 2K - him

⇒ (2k - w 'm )! K
'

⇒ 2K - w'm = I K
±

⇒ wI=3I,w?=k_①



④

Nonmalmo (f - WI F) (§¥)=o
(2k -3¥ m

- K

g.
+ ) = °

- ⇐ ""¥¥f÷. ⇒ s :-. - si
-
l - l

⇒ f. , - , / 1st
'

⇐ E- 1¥:)
The motion with frequency w+ corresponds to

5×14-1=-8%11-1
← →

¥mm•mm-•rmnE Oscillations out of phase
→ ← in opposite directions

.

(
2k - E. m - k

- k 2k - E.m ) (¥ ) = 0
⇐ f' , -1,11%1=0 ⇒ si.si

⇒ E- 1¥
. /

The motion with frequency W - corresponds to 84=1-8×2 :

¥nm•→smm-•→rmnE same direction
.

← ←



⑤

Assume that spring is unstacked②
in equilibrium position 9=9--0

II. •WM•m F- tmeioittmlioi
m spring

✓= -

mI÷É,

+ tzkll - fl
'

14,11=6 since, , - bcoso, )
(Xz ,y, / = (dtbsinoz , - bcosdz )

f-FEE-y.i-F-esi-esi.FI i
f. = d

Small angles approximations : sin0=0
cos I = I -042

e=vÉF¥Éi
order 04 : drop

= dtbcde -0,1

⇒ ( l - f)
'

= like
, -0,1
'

⇒ V=mg¥ (oitoi ) + { Keith -0,5 + Constant



④

f- =/
me
'

,

°

met

I
= (mgbtke

'

- Kei

- Kei mgietkei
)

detfv.io/=fmgb+kei-uimei - Kei

- Keimgertkei.int/--o--Smgbtkli-w-mli=IKli
+ sign : W' men'= mgh ⇒w=J+

- sign : mgbt2kli-wz.me
't

⇒ w-=F¥


