
Noether’s theorem

Romain Vasseur1

1Department of Physics, University of Massachusetts, Amherst, MA 01003, USA
(Dated: October 18, 2022)

Let us prove a more general version of Noether’s theorem. Suppose that the Lagrangian is invariant up to a total
derivative L→ L′ = L+ εdΛ

dt (so the action is invariant) under the general infinitesimal transformation

t→ t′ = t+ εT, (1)

qi → q′i = qi + εQi, (2)

where T = dt′

dε

∣∣∣
ε=0

an Qi =
dq′i
dε

∣∣∣
ε=0

. Then (
∂L

∂q̇i
q̇i − L

)
T − ∂L

∂q̇i
Qi + Λ, (3)

is a conserved quantity (using Einstein’s summation convention as usual).

Proof: We have

L′ = L(q′j , q̇
′
j , t

′) = L(qi, q̇j , t) + ε
dΛ

dt
. (4)

Let’s Taylor expand:

L(qj + εQj , q̇j + εQ̇j , t+ εT ) = L(qi, q̇j , t) +

(
∂L

∂qi
Qi +

∂L

∂q̇i
Q̇i +

∂L

∂t
T

)
ε+O(ε2). (5)

Now using the invariance of the Lagrangian (4), we find:

∂L

∂qi
Qi +

∂L

∂q̇i
Q̇i +

∂L

∂t
T =

dΛ

dt
. (6)

Now we use Euler-Lagrange ∂L
∂qi

= d
dt

(
∂L
∂q̇i

)
to rewrite the first two terms as

∂L

∂qi
Qi +

∂L

∂q̇i
Q̇i =

d

dt

(
∂L

∂q̇i

)
Qi +

∂L

∂q̇i
Q̇i =

d

dt

(
∂L

∂q̇i
Qi

)
. (7)

Finally, in class, we also showed that (see Chap 3, page 8):

∂L

∂t
= − d

dt

(
∂L

∂q̇i
q̇i − L

)
. (8)

Combining those pieces, we can rewrite eq. (6), we find the conserved charge

d

dt

[(
∂L

∂q̇i
q̇i − L

)
T − ∂L

∂q̇i
Qi + Λ

]
= 0. (9)
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