
①

HamiltonianD-ynan.es

Yet another formulation of classical mechanics
.

Not that

useful to solve further complicated problems
,
but rather

,
reveals

the underlying structure of classical mechanics . Also crucial to
relate classical and quantum .

④ Hamiltonians
Lagrange : ¥-1 }¥)=¥g. = n 2¥ order differential

Equations

Hamilton : n generalized momenta pi=?
Pi =P:(qj.qj.it/ .

Place 9 ;
and pi on equal

footing .

⇒ 2n first order equations .

Hamiltonian : H=§Piq with qi. traded
for Pi

( Special case of a Legendre transform ) ( inverting P,- =P,-19g;qj,H)
⇒ iii.Gj,Pj , f)

Now : dH= ? dpiqitpidai. - ok

= [ dpiq.it/idi-Iq.dqi-.op*.-..i-?&dti

↳ pi. by Euler-Lagrange



②

⇒ dH= -3¥11- + F- &; dpi - pi -19 ;
so H=H( qi , pi , t ) indeed

Irs L= Llqi , Iiit ) )
we also have

: dH=}¥dt t.FI#idq;t?f-p!-.dPi
therefore :

Hamilton 's equations
pi = -211

Hi
⇒ 2n 1st order differential

Ii = 3¥ equations¥=
Examptees :
① Particle in a potential : ( = Em

'

- V15't

F- 3¥ -- moi
⇒ H= F. - L=mÉ' ' - Em

'

+ VlñY=EmÑ+vlñY

H=zP÷+✓ É= -3¥ -- - Iv
= ?¥=Ñm



③

② centralpotentiainb (Again ! )

L -
- Em fits'd ) - V61

Momenta : P,
--2¥ = mi

Po -- ¥- = myo
.

⇒ i = Pym

⇒ d-
= Polmnz

H= pri + Poo - L = P÷tmPo÷ - Em ?_? - Emil?¥a)
Hamiltonian :

z
t V61

⇒ 1-1=2%+1%+4^1
Hamilton 's equations :

pj = -2¥ = mP÷ - V61
Pj = - 2¥• = 0 ( conservation of angular momentum ! /

i = }¥ = ¥ } we already knew that !

0--3"z=P÷.
⇒ mi=:÷. - was -. -¥1 .PE?#y



④

③ Changed particle in Electromagnetic field

L = Emit
'
-

q fol
- ii. AT

F-. mÉ + qÑ ⇒ it = In (pi- q AT

⇒ H = f. É - L = In F. (F- qA-Y-tz.IE- q AT
'

+ got -

q Em fi .- q AT

⇒ H=lFjn + get

Hamilton 's equations :

p→= -2¥ = - qÑo + 1- (F- q A-
'

1.ÑÑ
25
'

pi = - g? lo + In Cpj - 9 Aj )?
-Aj

and Ñ=?Eg= E. IF - q AT

⇒ mii + g
9-Ait qxidjAi = - idiot qij2iAj
⇒ MÉ =

q
(Ét ✗ B-

'

I



⑤

Energycoaseivakbn
4=419 ; ,PiiH

theorem : ¥"¥ so if H doesn't depend explicitly
on time then H= energy

= conserved

quantity !
Prod : &¥ -7¥ t.EIH-q.9.it?FpiPi ) Hamilton 's

= }¥ t.E-pioqitqi.pi-uequ.hn
.

So if 241g, = o ⇒ H= F- = conserved quantity .

Least Action principle revisited

85=0
5=/

"

( pig. - H(g. F' 1) dt : with sq , sp
independent

t,

SS =/
"

dt-lspiq-i-tf.si -3¥. Spi - 3¥89;)
t,

=f"dt[ Spiti. -3.1¥. / +4:(- Pi - 3¥ )]
t
,

+ [ pis%]
°



⑨

85=0 ⇐ g.
= ?Ép

;

and pi= -3¥.
⑦ Liouville theorem and equation

phase space { g-
',Ñ{

Liouville theorem : Hamiltonian evolution preserves volume
in phase space .

Pf : dV= dg' dpi' ¥ dv
'

=dg'dp-'
'

with g-
' '
= 5't -5'dt= g-

'

+3¥ dt
F-=p

"
- 2¥gdt

dV'=lJldV with Jacobian J=(¥É 3¥. )is

iEj;j¥É. '2

1st = Det / Sit +ftp.I-jdt?gp?!-gdt-?g?z-gjdtsij-?gY-pjdt)--
It .EC?p?z-q.-?q.Hz-p...)dttoldt4--1tOCdtY



⑦

where we 're used det(ITEM ) =/ tetra
+ Oley

⇒ dV= dv '

DN particles in volume dV : f = dN_ : 0¥ = oDT

flqi , pi ,t ) = phase space distribution

N= ftp.lq-p .

We have : f-- o -- he +Y-q.q.it?e-p..Pi--?e+3e-iY-p..-¥39
;

⇒ 7- e--21-1-1 - :-&. ?¥. =L Hel29 ; 2Pi n

Poisson Bracket
next section

Poincare Recurrence theorem : ! → . .
.

No RT 1.YAK Loo for finite phase K steps
space ☐

3K ,K
'

see that Inn Rnr =/ 0 In
T

Volume
conserved



⑧

Time evolve back : Ro Arkin =/ 0 !

System goes
back arbitrarily close to P ( neighborhood

no arbitrary !l
in finite fine !

④ Poisson brackets and canonical transformations

poissonBr-ake.rs : Given two functions f(q. ,pi,H ; 819 ; ,Pi,H

{b,s}=FP¥¥pi-%pi%
It satisfies :

{ 8,81=0
48

, gf = - { g. Of
{ f
, Cf = 0 if C is a constant

{Gtb, , g{ = { 8
,, gl + {Gigs

{Gh , g / = b. { bzigf 1- { bugler
,

¥1b.gl -. If .gs + { g. 3-91
(All of the above are very easy

to prove I



⑨

Jaweiidetity :

{ b. hg ,hl{ + {gih.lt/tfh,4b.glf--o
(Proof requires patience and

a large Cup of coffee !
Brute force expand and check that it works ! )

WIY ? Say we have a function

ftp.lt/,piCH,t):Y---??&i..+Y-pipi+3f--
¥ +74,3¥ - y¥z÷

) Hamilton:

Equations

so If = 48,1-11+28 .

If f doesn't depend explicitly on time : ¥=o
⇒ ¥f=} for an 819:/ Pi )

In particular : É=h9 Hamilton 's Equations
Pi. = { Pi , Hf

If 48,44=0 ,
then f is a constant of motion

f- conserved quantity )

Ex : { H.tl/--0s-ibZY---o,H is a conserved

quantity = energy !



④

Ex : Angular momentum

f. = Eijn ✗
g- Pre

49,91=9
,
let? 9.1=0

Fundamentalpoissonpsrakeb :

{ 9
; 19g . 1=0 since 2¥! -- o

{ Pi , Pj 1=0 since 31g . --0
{ 9

,

- i Pj / = ? ?¥g
,
?f÷ = E. Sik sik -- sij

⇒ }qi,Pjf=S
Canonical transformations :

• In Lagrangian formalism , the Euler-Lagrange equations
are invariant under

any change of coordinates :

¥4T
. )=¥q.

⇒ ¥P¥)=}¥. b- any Qi=QiGj )

Red : Qi. = ?_?; g-it ?-Qi , 9.it?gIjy.QjtJr9j
y
t



④

3¥. -- IT
,
}÷? +3¥.

}z.IE?;aii+2- %)

?¥=¥j¥=÷%=%
-+7¥
.

i

• ¥P¥;) -- ¥11T;) ?f÷+¥g
,
?qtt9i
+2¥.im

⇒ ¥B÷t¥i=(¥l¥;) -¥;) :%=o
T invertible
matrix

.
Now imagine a transformation mixing q

's and p 's

Qi = Q:( 9J , Pj )
F- = fi (qj , Pj )

Do we have : Qi. = 2412¢.

?

Ei ⇒%Qi
YES if Q and P are canonical : Ñ¥iiQ%%dQi,Pj1=8ij



④

☐

To show this
,
it turns out to be very useful to

use the symplectic structure of Hamiltonian dynamics:

Let oT=(q→
,
E) 2N

-
dim vectors

then 4É=J}¥, with J=( ° + #
nxn )- In.in °

New coordinates : Ñ=Ñ( OF /

4. = ?¥jij= T.KZ#-.(IJI-Tl?Igl..
210J T

É¥%,÷
,

ois-a-eia.IT'

matric

canonical transformation iif : IJIT=J
I symplectic matrix

New : ① Poisson bracket invariant under canonical

transformation

R=ob:{ Gg{ = }¥J?§g, so if F' → E' 1017

¥
, --¥q. ?¥;

⇒ { f. g / = 3¥, IJITZI- 25
'

J for a canonical transformation



④

② if §
'

→ E
'

GTF
'

) (§
,
,p5 )

Reserves Poisson Brackets

{Qi
, Pj / = Sij eh

then it is canonical

Koob : Jacobian : I.g- = (¥,! 3¥!
⇐ ÷.

)
9J

⇒ IJ IT = ( { Qi /Qjl { Qi, Pj /

{ Pi
,Qjl { Pi

, Pjf )
= (o Sij ) = J ④

- Sij 0

Generators : (g; ,P;) → (Qi=q;tEFi,Pi=PitEGi)

I.g.
= ( siite }j

{

ftp.i-EZ-Giaqjsijte?-g;)
( 1- 1) (? :) 5) = (

AB - BA Ars - Bcl
CB - DA CD - Dc

T.BA#IijsymplechiiifAD--lTto0Ce1



④

⇐ §gg. = -2 satieied if E- 3¥
dpj

G- = -20T=
29 ;

☒ (J
' ,Ñ ) = generator of canonical transformation

"d¥=÷÷ Hamiltonian Flow
"

in phase
space !

:¥= -¥ "

time
"

= E here
29 ; OI = Hamiltonian

Ex : OI = Pk :

g. → Qi __ 9 ,- + E Sir
↳ Pk generates translations of 9k .

Noether 's theorem again : generator §

SH --218g ; + ¥8k. -_ 43¥ ?°¥. -3¥. ?¥;)29 ; Mi

=
E } Hi

,
If

§ generates a symmetry if 81-1=0 ⇐ 41-1,0-11=0
⇒ E- =3 I .tl/--o

goes
both

ways ! OI symmetry ⇒ OI conserved

☒ conserved ⇒ € generates asymmetry



④

⑤ Action
- Angle variables and integrable systems

Action_Anglevaria
Natural choice of coordinates that makes solving a given

problem easier ?

↳ "

Angle - Action
"

variable

Example : Harmonic Oscillator

H= Eat tzmuiq'

P' = -2¥
,

=
- muiq } q=

Acoslwlt - toll

of = Plm p= - mw Asinlwct - fol )

F- = constant

trajectories -- ellipses

(
g , p

) 1-s lo
,
I ) ( mixes q

and p ! /

q=V¥ since p=FImw- coso

Check that this is a canonical transformation :

↳ Mio,⇒=%z¥± - ?÷¥o



④
-
- EE -sie +-1m¥

.

since Emi

= cos 20 t sin
"
0=1

H= In (2mwI ) sin'o + { mw
'

EI cos 'd

= WI

⇒ D= ?g¥=w I.
= -34-0=0

onto
,

=) we straightened out

the flow lines !

→

Integers
can we do this generally ?
N degrees of freedom Cgi , P;) 1-5 (Oi ,I;) canonical
such that HII

, ,
. . .,Iµ ) doesn't depend on Oi .

If exists : Integrable systems Ii : conserved
quantities

wiki /e Oi = }¥=
,

=wit
depends on {Ijf

⇒ Oi -- wit



⑰

For bounded motion, take 020;52.

Them:(Lionville If we can find N mutually Poisson

commuting constants of motion: 4 Ii
,
H3 =0

↳Fi, lg =

0

then the system is integrable.angle-action variables

di xli, Hl + EE= o

Trajectory:six...xs'. Invoiant Toni
Generalize to Quantum systems?[1, 5;7 =0

Teigenshle C9, 0g3 =0

Problem:Gi= 1i)kil works for a quantum system!"

Locality:For many-body systems with local interactions,

--

E: ZFiit, SE = IS." el...tovocogvineher hevoriros,eeciting,as
catedThumalization

Under their own dynamics, such systems locally reach
a generalized equilibrium state



④

Pn = pnoba to be in state n
.☒ Qi = § Qi Pn

I t
conserved

Quantity (Energy , bolt many others forsubsystem integrable systems /

Maximize entropy : S = - § Pn log pn
with constraints : [ Pn = 1

In Pn Qi
"
= ✗Qi> Enforces conservation

laws

Sf ? pnlogpn - ✗ ([ Pn - 1) - ¥EQÉPn - tail
= 0

⇒ - [ Spn logpnt Spn + ✗ 8pm + jIpjQnJ8Pn
- 8×(-4%-1) - Spj ([ Qiipn - Toi >1=0
= Tons traits

[ ( Gg Pn 1- I + ✗ + F. By -Qnti ) -8 Pn = 0

⇐ Pn=¥éFBs
Generalized
Gibbs

with Z =[ e- F%QÑ Ensemble

i



④

Action
- angle variables for Id systems

= P÷ + ✓ (g) = E : integrable since F-

is conserved

nv

0=34
.

--¥÷=w ?,! I= GIE )

9min 9m - ×

'

9 we have p=ÑE
= moi

dt=E¥⇒ ⇒ t=E=FE!÷¥
= §

=FI§¥=(E- 1dg
) not entirely trivialchange in area due to change

=¥=(§FE-4d , / i. ¥=§pdj%n¥=OIDEY
Lot I=opdg . d¥==w

and 1- = :# fpdg : o=wt=d¥=¥fpdq=¥fpdg



⑳
Very Grieg

# Hamilton. Jacobi and relation is quantum mechanics

~
Bunchon &unctional

↓

Hariton
- Janoli equation:5(9), 95, H=

5 [9]
x solution

=I half ofEuleron 9:solution of Lagrange
↓ me 2. O.M.

SS = cr-ik)Sim + (sp]"J
⑧

#=Wfl = fg. hat's fir f?- niii

= WaS + 6s. g.,= CorS +pg. if

and Is:H =7 lag, ar

=> UFS =Ly -p".9 =-Hg=-H1g, Bg:H

o Cur:C8 +HIgiGs, H =

0

up "Sical":95+ i



⑪

Let's say we solve this eg:Sat

ren:95=6 pic ->
N /raden

egg.
So CH

Cook:Pl= pet) -CS + 2i.g"
Ores TElELG,=-Ie

Hamilton Jacob, 5"

·Language:N 2
"
Oden equations

·
Hamilton:IN Broaden equations
Hamilton. Jacobi: s (air) incorporates N initial

conditions -
9

and then Nr 15 order equations

if 4H=0:Solution S= Sol - Et

ITTE?) =E
We won't spend more him on this approach hue.



④

Relations to quantum

anon :-D quantization :{ .

,
. } → ÷q[ . , .]

49 ; / Pj / = Sij ⇒ [ qi. ,pj]= ifsij
É= 48,41 ⇒ it Ei -- [ ei.li]

Schrodinger q : if 2+4=1-1^4 = -¥§¥ +4914
with:p -_ - if?-q . Plug : 4G.tl =

ftp.tleioG.tl/hash--so:2I-tz'-mfdIg-YtV4l--°

Hamilton
Jacobi !

In classical limit : Phase of wave function =

classical action of classical

trajectory !

9f
In general : 41g,

,

f) ~ /☐ gq, eis[9417AI
% [

path integral
classical
path

dominates
as A -10


